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Overview
-

Qur Goat : Prove effective versions of
"

rigidity
" results for arithmetic,

hyperbolic 2- & 3 - manifolds
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today's play:
① Introduce quaternion algs .

② Our results on counting quaternion algs.

③ Geometric Background

④ How to construct surfaces from

quaternion algebras

⑤ Our results on Surfaces

⑥ Connections to bounded gaps
between primes



I
.
Quaternion algebras & orders
-

-
-

Brougham Bridge :



potation : write C- 1
,
-1
,
IR) instead of

Ht . 1%
0 can be

replaced ur
other fieldscan replace of char Ow/ other units

in IR

EI CI ,I , IR) has its2=1 &

ij = -ji .

Observe :

(1,1 , IR) E Mack
)

its LIE )
in to :3



In general :
Ca , b , IR ) = {

HI if a, b so

Ma CRI otw

Thus
,
Ca

,
b
,
IR) is either a division

algebras or isomorph.at#R) .

* If we replace IR w/ other fields :



Extension of Scalars
- -
-

Let k be a field , KYK a field ext .

If B -- Ca , b,K) is a quaternion alg IK ,
then

B⑦KK
'

= la , b , K
'

)

is a quaternion a Ig / K
'

.

Def If B is a quaternion alglk , let

Bp '

- = B ④k Kp .

we say B is ramified et I

if Bp is the unique division

algrkp .

Otw
,
B splits in L?



Def Let RamCBI denote the Infinite)

set of primes at which B is

ramified .

The discriminant Ef#
is the ideal defined by

a CB ) := IT p .

ope RamCB)

Det Let B be a quaternion a Ig Ik .

The reduced neem of B is the

composite map

B↳Maco Ets Cl



Let k be a number field w/

ring of integers Ok .

Defy An orderer of a K
- alg . is a subring

which is also a f.g . Ok -module

containing an K.

- basis of the algebra .

Det An order is maximal if it is not

properly contained in any other

order .

Exe Ma (K) is a max .

order of

MacQ) .



I
. Coveting Quaternion Algebras
ur periled Embeddings

o



Proof sketch
-
-

:

① Construct a Dirichlet series whose

coefficients count the quaternion algebras
w/ the properties we are interested in

② Apply Delange's Tauberan Thm

O

O

O
③ obtain an asymptotic



thanking the embeddings of the Li's

Fem Class Field theory:
H Blk is a quaternion algebra and Uk
is a quadratic extension , then L embeds
into B iff no prime of k that

divides the

discriminant of B splits in UK.

← can use adeep result

of M . Matchett wood

to model the splitting
of finitely many primes
as mutually independent
events over the class

of random quadratic
extensions of K .



HI
. Geometric Motivation
--

Det A closed geodesic on a Riemannian
manifold M is a map

C : S1→M
that locally yields the shortest distance
between two points .

Example

⑧ i



Let M be a compact Riemannian

manifold .

The Laplace eake Spectre of M ,
denoted ECM )

,
is the multiset of

eigenvalues of the Laplacian of M .

The geodesic Length spectrum of M
,

denoted LSCM), is the multiset of

lengths of closed geodesics of M .



Let M
,
N be compact Riemannian

manifolds
.

3 Notions of " equivalence " :
① M & N are Gmmrab6
if they have a common
finite degree covering space .

② M & N are isometric if
-

F an isometry between them .

③ M & N are iso spectral if
ECM) =ECNTTleng-thisospe-ctralLS.CM) =LSCN)



"

inverse
"

questions
To what extent do the spectra
of M determine its geometry 1
topology ?

Examples :

① If L S ( M) = LSCN) , are

M & N isometric ? No

② If L SIMI =LSIN), are

M & N commensurable ?

↳ Arithmetic :(
non - arithmetic : ?? ?



Can you hear the shade of e dem?



Answer : NI

P i. e. , i so spectral ⇒ isometric



Hyperbolic Surfaces
→ HI
'

The hyperbolic place is a simply connected

surface w/ constant curvature -1 and can

be modeled by the unit disc :

M
.

C
.
Escher's

← circle
Limit
I



Results for Hyperbolic Surfaces
-
-
-
-

:



IV. Constructing Arithmetic Manifolds

0
we want to generalize the following
construction of PSLack) :
B

MMa④→SLdK)→PSbtk)
p p

Replace replace

wrquatualg . wrmaximel
quat . order

Blk in of B
which a Consider the embedding
Unique

heat

prime splits f :B→ Mack) .



Restricting f to 01
& projecting onto PSLaHR)
gives an embedding :

I :O " → PSL a CIR) .
Notice

If :(O ' ) is a discrete s.g.
of isometries w/ finite covolume

* If B is a division alg , then

f- (O') is cocoonpact .
* If I (Ot) is torsion - free then

HO1 is a hyperbolic

T.mg?asiEYaies- commensuratew
this ane arithmetic.



"
in:¥:::¥::he

-

-



on the other hand . . .



Summary



V
. Our Results On Surfaces
- - -

- -

↳
Consequence : 7 LN) EIR⇒ such that

if M
,
N are arithmetic hyperbolic surfaces

of area E V and have the same geodesic

lengths up to Las then M & N are

Commensurable .



Making Reid's
"

stoprat ⇒ Commensurable
"

Result Effective



translating Er Noimber
Theoretic Result to eEt Result

0

←finiteset

-

{l . . . . . ,Lrt
←



PI sketch
Let M be an arith . , hyp. 2 -manifold

arising from ( K , B) ur fundamental

group T c PS↳ (IR) .

There is a

bisection :

{Co :S 's 143 ← { [Dp
: set}

P
P T conjugacy classes

closed of JET
geodesics
on M

Geodesic lengths LCCD aregiven by

Ash = I

2



Let Xy : = Unique eigenvalue off
w/ IX z) >1 .

* Each closed geodesic Cr determines
a maximal subfield kg of the

goat . Alg . B :

Ko -- Kho)

Eli
,
. . . ,
er) ⇒ 9 La

, - tr)



Conclusions .

-

.

①There are lots of pairwise
non - Commensurable 3 - manifolds

4 a great deal of overlap in their

geodesic lengths .

② The counting function looks a bit
like the count of prime numbers . . .



Bonded Gapes Between
Votumes of Manyfolds



Pf sketch
- -

o
8241dgsends only depends

on B

BCF ⇒ If two orbifolds have
the

same field of def K , but

their associated B't ramify
at different primes, their

Volumes will only differ by
Some function of the

NCpl 's .



Morel : primes w/ gaps between them

produce orbi folds w/ volumes
that have bdd gaps between

them !

what's missing ?
* Need orbifold.- to have length
Spectra containing S .

I

quadratic extensiont kg
embed into the B's .

need
bounded gaps

between primes
in
Chebotaru

sets



Bowed gaps between primes

-



Tupis of primes

Q : Are the ly many tuples of

primes ( p tha , . . . ., pthkl?

* Some tuples clearly fail :

EI P, Pt2, Pt 4



which K - tuples might work?--
- -

-

Exe (O ,2,6 , 8 , I 2)

Residue classes not covered :

1 (mod 2)

1 (mod 3)

4 (mod s)

3 (moO 7)

3 ( mod 11)



Bended gaps between Peries in
chebotaev Sets



Kotara sets



Generalizing There's word



Summary



Thank

You !


