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17 The transformation
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a) Andrews & Baxter 's solution to the -

hard hexagon model of statistical

mechanics

b) dual nature between mock Theta
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an conjecture ol Zwegers
b) mock modularity of third order
mock Theta functions
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Andrews { Baxter 's solution tohardhexagon model
- The transformation

of
→

y
''
is useful

in problems in which the theory of

partitions is applied to statistical mechanics

- Although q
→ g-

'

may make sense
for a

q
- hypergeometric series at well not for
a product

-
n cute)

Example algal :
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Andrews { Baxter 's solution tohardhexagon model

- Baxter found a solution tothe hard hexagon
model of statistical mechanics

- his solution divided the model into four

regimes
2
,
4

,
uh

,
IV

.

- his solutions to regimes 1,14 ,
IV

eight known Rogers-Ramanujan identities

- for regime I he cagedwet six
multi-sum Rogers- Ramanujan like
identities



Andrews { Baxter 's solution towardhexagon model

- Baxter 's eight Rogers -Ramanujan identities

are all either in Roger's work or immediate

consequences
ol it .

Regen Ia, Enzo qnkqig.lu = Js IT - is

b) IT
.
I"%qiqu= JstTas

Region IT
a,I

non- 1712

q = J4.co/J
,r-okqig.lu/qiq4n

b) E E'
"""
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,
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1cg;g) anti -BwJ4R¥jzo
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c- four more identities



Andrews } Baxter 's solution towardhexagon model

Regime IT (CayectvreshyBaxter /
Theorems by Andrews)

Theorem l
(3h43n) 12 - r

E I 9 ¥Ilr Cqjqlsnzrelneo g Ers Bnei) 12

=L ( Juiseg, Jens )
Theorem 3
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Andrews { Baxter 's solution towardhexagon model

- In resolvingBaxter 's cayectwes ,

Andrews established a

q
→ g-

'

duality
between Regions I THI
and Regions I {I .

- what do wemean
?

- Andrews used finite versions which cowage

to infinite
q
-series in the limit .

- To translate between Regions I{HI

and prove the cayectwes for RegionI ,
Andrews used identities which have

origins in work ol Schur .



Andrews { Baxter 's solution tohardhexagon model

- Translate between RegionsI {LI
- identities with argue in Schur

Awol

ne i'
"""

In -EY
, fitair?

v. Eti' i'""IF I
,

de - co

mere Inn) ; / 4th,w -nigh mo

O Mao
,
NZO

[x) is largest integer not exceeding X .



Andrews { Baxter 's solution tohardhexagon model

- Translate between RegionsI {II
-To obtain the first Rogers-Ramanujan
identity of Region IT

,

let N -so in

-To obtain three of the six identities in

Region II

- replace N with 3Ntk
,
K= -491

- replace q with g
- I

- let N -soo

useful fads

caigiln-la-i.ci/ntaig-H )

q - binomial theorem
•

n

- CajqIn-2 =
lazig)N- -

✓ =o (
q;g) u ( Z igloo



The transformation
q
→g-

'

g

mock theta functions } partial theta functions
Recall our heuristic
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The transformation
q
-oof

'

:

mock theta functions } partial theta functions
Recall our heuristic

"again ⇐oceiscrq
-MEI

- int

Cari
' )
n
= ( a-

'

jqln C-at"g
But we have a second farm far Bcg)
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'
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, very mysterious



The transformation
q
→of

'

g

mock theta functions } partial theta functions
Recall our heuristic
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The transformation
q
→of

'

g

mock theta functions } partial theta functions
- o -

Four tenth order mode thta Leuchars

and their six identities ( Choi { RCN )
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c- four more lewtWKU

what happens with g.
→ g-

' ?



The transformation
of
→g-

'

g

mock theta functions } partial theta functions
Recall our heuristic
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The transformation
q
→of

'

g

mock theta functions } partial theta functions
Recall our heuristic

m '>again ⇐oceixrq
-MEI

- c21
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The transformation
q
→of

'

g

mock theta functions } partial theta functions
- o -

Four tenth order mode thta Leuchars

and their six identities ( Choi { RLN )

on,#E. a.
""
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I -1 w t wid = o
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g. III.Is.
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The transformation
q
→of

'

g

mock theta functions } partial theta functions
Recall our heuristic

m '>again ⇐oeyrscrq
-MEI

r

Question 1 : and order B Cgl ) why do two

different q
- hypergeometric series yceldcy

Same oncxcq ,al yceld similar partial thelufus
?

Question2 : why do the dual identities I the

six identities for the four wth order mock

theta functions all equal zero
?

Are there hurt e versions which allow us

to translate from one set to another?
I



Mock U firs § real analytic modular farms

Ramanujan's def : A mock I function is a q
-hypergeometric

series which converges far 04414
where

i) infinitely many rods al unity are exponential
singularities

4 far
every

rod ol curly E there is a V- fu Iq Cgl
such that T CqL- UE Cgl is boarded as

g -s E radially
3) there is no U fu that walks for all Z .

he
.

Les not the sum of two functions are ol ahhh

is a V - function and the other a function

which is boarded in all roots of unity

(DK) Watson {Selberg
(3) Griffin

,
Ono

,
Rolen



Mook D functions } real analytic modular forms

outside

.

!
Inside

-
unit circle

inside unit a-de is Iqlc I

} is a root of unity say z
= e

⇐ i play

p , q integers

q= r }
as r -s l

-

q approaches }
radially inside unit circle



mock I- functions { real analytic modular farms

Let us consider the third order modeI- function

vi. II. III. inner
-

- ¥
,
.

⇒t.ua#euEi--~Cq
) converges far lqkl Crater test?

but also far 1×13 I - To see this replace

g-' g
"

, lqkl

near In
"

iii. in"
-

-
E g

"

't
-aight 'NE O

laigh - ca's gin c-aig
- El



mock I Lunckar> { real analytic modularforms

we can also ante 2- Cgl interns ol

partial theta functions (and in this

case afalse d- function )
- cry )

Recall heuristic mcxcq.tw?Zo-5xrq,
d n Chel )

vcql :
-

-E 9
no i↳i9im9iyii -Iti

'm4,444,4
mcx.ge/--x-'mCx-tiqiE

' )

I ¥:÷÷:÷÷÷÷i÷÷:
q→gi

'

v torso '
r -war Cr-v )

man:÷a%*¥iF'ftp.E.ig.qarcr"'(
edu RLN



Mook U functions { real analytic modularfarms

uqi-II.org?r44rt1a+q4rtz1*--nIosgcnic-eig6n""""

ganef
- n"

-l n co

-
- i' E.oui

"

#hi
"

⇐t.fi
'

Isi
O nIO (3)

* looks like a theta function

jk-ig.KE.aitzng.CH
but the signs are different

Rogers used the term false theta function

Qi how dowe compare? Z root of unity

vlql q → E . radially inside ?

} v- Cq) q → E radially outside ?



mock U functions { real analyticmodular farms

run :
-

- III
"

⇒ aegis . . .ae,
"")

if
q
-s } Z root of unity o (E)⇒ K ,

K odd

then hmvlg
g. → }

) is unbounded

but by Ramanujan 's claim we should

be able to cut out the singularities
with N functions

for other Z
,
hun Ug
g.
→g
l isbounded

but what about a- Cgl?



mock U functions { real analytic modelar farms
radial hunts far 2- Cg)

Can compute complete asymptotic expansion
Lawrence

, Zagiev
Let Cao 21-7 E be a periodic function with mean Zero .

Then the associated L-scares Us, C) : Cnl n→

( Re Gh l ) extends holomorphically to E .
The

two functions have the asymptotic expansions : t 20

II. ccnle-nt.IT her , c) C-Hrh !

EIC cute
-Mtn IIou-mo ) teth !

as the O
.

- o
-

To get the asymptotic expansion of V- Cgl
as

g.→ E radially write q= }
e-
t

.



mock u functions { real analytic modular farms

the false Theta function became )

"gli
-

-

g.II. c- it
"'tz1g3nZ

= Else'st-Emney.eu/zesn2e-zsnZt
we want to causede tXO

C cute C-4^-41=2 ) EEK
we check Chris aperiodic function w/mean Zero

if Kes a deal { then Chas period 6K

{ CCGK-ul = C Cal ⇒ mean i> zero .

--

- So LZ result describes completely the
behavior ol u outside the ant circle

- IS behaviour ol u outside unit circle

related to behaviour olu inside vast circle?



mock I functions § real analytic modular farms

Cayedue CZwagers
)

a) HE is a root of unity where u is bounded
(as q

-s} radially inside unit circle ) , ecg .
3=1 ,

then
u is

Co
are a line radially thru E .

b) tf E is a root of unity where u is not handed

ecg , E =
- l

,
then the asymptotic expansion

of the bounded term 121
,

where bounded term is req t - Oz Cq) , is the
same as the asymptotic expansion ol U

as
of
-7 E radially outside the unit circle .

-o-

let's do some numerical work far@I



mock I functions } real analytic modular farms

Cayedoue (Zingers)

numerical work for part la)

Ql) if } root of curly hun Ug
f
-if

I bounded

as
q
-s} radially how sporadic are the values?

o (3) slow Python plot
Q2) if { root of unity km Ug

q-5g
I boarded

as
g.
→{ radially does the curve look C-

as one passes from inside the owl circle to

outside the cruet circle? Python plot

Remark i here unbounded behaviour occurs

when o CE) -2K
,
K odd so far

Ql & Q2 UCE) # 2 mod 4
.

Sporadic on boundary bit smooth on radial line



mock I functions } real analytic modular farms

Cayedrue (Zingers)

numerical work for part la)

Q3) If { root ol unity ¥324,1 bounded

q→ } radially how does
Um Ngl . compare to behavior oleic

, I

g.→z

where 2- Cgl has asymptotes , g.dig
e-
t

v. g.) =
'

5t-I.int#pisn2e-zn2ttyo~EY3e-BtFoLC-2r.C)C-7ztT/r !
can.=c-it

'

12*1-34 us .ci?Eocculn-s
Answer : Python example, sussed equality ! !
note : inside q→ } outside use I conjugate .



mock D functions } real analytic modular farms

Cayeckre Cheeses )

Q31 ( Computational Remark)

note that far 3 where q
-s } radially

¥73 ng)
boarded

we can ante

OCB) = 4k
,
HK-44kt}

E E" "
z ; 51miNE O

= #
"

E
'

en
"

zayn.
NE O

R = 1-
C - 3 ;Elek



mock I functions { real analytic modular farms

Cayectve ( Zwegers )
b) if Z is a root of unity v is not bounded , e.g.3=-4

then the asymptotic expansion ol the bounded

term Ngl - Efg ) an R 's def )

is the same as the asymptotic expansion ol
u as

q→ } radially
outside the uurtarde

-o -

far
a E

,
o CE 7=24 , K odd like Cal

how does km Ug
q-sq

t - GG ) compare to

the 2435k¥54 -zr.cl C-434% !
2
tn

Ccu , = c-if"z%'Re-43
,

Les
,
c) =¥C Lulu's

- First find Efg) then do numerical
work

.



mock Nfhs § real analytic modular farms

Radial hunts far vlql , unbounded roots

"
9"
-

-Eog" mine,
- gsirgig. )

chivesal mock d function

gshcig.li -_EEo9"
""

Ycxiqlne , lglxiy.int '
Fran Lost Notebook C like Zudehn 's proof )

Rzcwrqlxuzlwiq)=-WILEY) m (w? wig)
Jz

Racwigl '- 5¥97
"

wq , glue ; 5) net
uscwiql 8=72,99

"

hug , qlwjyh

Lake Zudihn's prool we wait to
rewrite m cut

, of , w
-'

q)



mock N firs { real -analytic modular farms
- o -

Radial Limits far vlq )

R2 (Wigle Uzcwiyl = -wjlwqjy)
⇒

mcuiigaiql

rulwryleo-_¥=oq""""hug
, oxlwiylntl

Values g.) g -- II.In
"

lug , qlwiyln

w-s i
,
E-- - I

quite E. gin
"

c -Eigil n
= -

iiliiyilmhiq - ig)
Luke Zudehn 's proof we want to rewrite
here it is much easier !

To Do '- Compare



mock Nfhs { real -analytic modular farms
- o -

Radial Limits far vlq )
Recall changing- z theorem

mcxixzd-mlxiq.to/eZoJPjCZittoiqljlxZoZcjq)
-

g- ( zoig.li/zijgljGczojglilxziigl
Recall m ( gig ,

-4=42

me -447%1=0

mug;-ig-mc-hqqleqiijtiiqlilig.iq)
of
-

o ilaiqlitgiyljtiqigljlig.iq)

simplify with product rearrangements
&

me - liq ,
- igkqcleiTJEJE.ae
-

iii. Into



mock Nfhs { real -analytic modular farms
- o -

Radial Limits far vlq )
Product rearrangements
jc-iiq4-t-i.qlaliqigladqig.la

= Chit C-

igiyloohqiy.la/qiglN=aeilC-gYiq4oelgiqloo
= (Lei ) Tz

,
8

jciqiq ) - Cig igloo fig, igloo iq igloo
- C- giigilocqeyloe
= C -g- igloo Cq's-gila
-

C-
y
''

igloo
= Ju

,8



mock Nfhs { real -analytic modular farms
- o -

Radial Limits far vlq )
back to our bilateral g-series

qvig.4-nogn-Y-qig.tn
= -

iiliggylmhig ,
- iced

= - i heil
'

q . T¥8I3TE
Twitter

product rearrangements§ Tip -5,452
,
Tve -_Tidy lJz

✓

vigil +Eight-gisqln = 2783142
{

q-sgjk~cql-E.oqnc-g.iq/n=2Jy3/JE



mock U furs { real -analytic modular farms
- o -

Radial Limits far vlq )
From previous page

Ngl E- §⇒q"""Yingling) . . . City" )
→
g. I e-I.oqnl-gig.lu - 2in Ijf

rearranging E rod I cuty aide 2k ,Kool'd

⇐

Yee Ingi - wifi 1=-234-3 ;34N
NTO

compare with Zudehu 's proof



mock d Leuchars { real analyticmodular farms
b) Cayectu-re

if Z is a root of unity where u is not bounded, e.g.E- - 4
( or in general E root of order 2k ,

kodd I

then the asymptotic expansion of

Iq) - 2JP ITE q
-s E radially inside circle

is the same as vcql as of→ 3 radially outside

{be
- "

stfu,
" '

Czyz
'sme-Est n

'

~{Be
- "

stiffer ,c) C-"stir ! as tho

( Cs
.GENEoccurs ccnli-e.im/zyzsnI-2gtn



mocked functions { real analytic modular farms
81 Conjecture

¥341-25¥ eaters't .
ol}) --2K, kodd

a simplified version ol cayectwe is

far E root ol unity oCE) -2k , k odd

KI

E 3%3537 u ( LZ proposition
)

NEO

= um {
" e-

'

stfu -zac) E4stT/r !
C-Yo r = u

used occnln-sccuk-c.it/zyEBnI-Zstn
Python work ! k€

7
e) how sporadic is E E

"

f3iE
>

In a

neo

o CE1=2K
,
le odd 2K Ei ou

2) Does equality hold far the first
few roots of runty?



mock I functions § real analytic modular farms

Cayedone CZwagers
)

a) HE is a root of unity where u is bounded
(as q→ } radially inside unit circle ) , ecg .

3=1 ,

then
u is C
-

are a line radially thru E .

b) tf E is a root of unity where u is not handed

ecg , Z =
- l

,
then the asymptotic expansion

of the bounded term 121
,

where bounded term is req t - -0g Cq ) , is the
same as the asymptotic expansion ol U

as
q
-7 E radially outside the unit circle .

-o-

easy consequences of the conjecture
d
u check numerically



mock D- functions } real analytic modular farms

conjecture (Zwegers)

consequences
can c-sit'fz)E"'

"

e-
"

t.Ycs.ci?zoccuin-suCEloCE)I2mud4
¥754.1

-wise
{
'

be'btE⇒u-well th. "

Eenteieih
um two µ:(zhu

,
now

Recall Python plots demonstrating
sporadic nature of UCE ) o CE )#2 (mod'd

{ 3^1-35544 ok ) - 2K ,
Kodo



mock d- functions { real analyticmodular farms

Cayecture Czwegrsl
assume conjecture { compare to Ramanujan's def.

Suppose we have a function I

defined in { outside unit circle and at roots olunity
a) Ii>holomorphic in } outside unit circle

b) T C
•

areall radial hues thru rods oluuety
c) 5=2 outside unit circle

consequences
~

al v -z =0 outside unit circle
N

b) q → E ,
UE ) bdd

,
e- U has asymp . exp zero

c) q
-s }

,
ok lonbdd

,
v -T- 2544522 has a syrup expzero

this suggests u -T is modular

if so
,
u = u-T -it

,
v-T theta

,
I bdd auralsoll .

which contradicts Ramanujan 's def



mock d- functions } real analytic modular farms
A modular form is a holomorphic function for

the complex upper - half plane Ht- { 2- c- El In 2- do }

satisfying the transformation equation

Y a¥¥g ) = cczedl
" KH (* 7

farall 2- c-HI and all f- (gab ) GRE Shoe I
-

o -

many variations

• K E I 2

• r = shout
,
r= row f- { JE Skeel 12 ICE E) mod N}

of could be vector -valued

• meromorphic instead ol holomorphic
- I may need correction term

Ex : Eisenstein series

Theta functions

⇒ only need to check# on generators ol
r



Mock D- functions { real analytic modular farms

Watson 's 3rd order mock D functions

was : --E
.

.g% , wearing
"

"gin.
Toki : -- g-
*
fcgl T.ca : -- zqtwlqt I feel : --Zqtwtq)

F i = Cfo
,
f
, , fz)
T

q
: = e

Zaire

Fleet = ( & go
,

§) feel gu:-. faith

÷, f-
C-Yet =/ ! I 1) feel + Reel

R K) - 453 Fine ( je th ,

- jett , js

where j.cz) = f?e5"
i @*
smh2a dy
smh STLTX

jzczlcj ,Kl similarly .



mucked functions } real analytic modular farms

Zwegers rewrote RCT) . in terms al period

integrals of certain weight 3k theta function>

goCH
! czC- tic ne 43) etui cat 'sTz

Q Cz) :
-

-Eez,Cne'G) e
Sai Cnt talk

Gz CZ) : = I Cnt 1,3) e3
Thi (n-e Iz )Zz

n C-2C

%1a.ex-E.EE/l&t.sn:--e
"""

I:{ It 'H= - tiny:& !) (8£14
Fran transformation properties
& Fourier

expansions we see that these

are cusp farms
-
-

.



mock 0 functions } real analytic modular farms

Two Lemmas

Lemuel : far TE HI
,

Rce) = - Zi Fs fi! got dz
-- i CZETI

where
g
Czk (

go.ge , 94T and we have to

integrate each component of the vector .
-

Feline 6kt. -- 2iB fief (gi⇒i9o#i9dZz
Ttt- i - l

lemma2 : For T C-HI

G Kuk ({ §
,

§) Gee , Su:=eZ"
'

h

i. GEY e) =/! I :o) Girl -RH



mockI - funchars & real analytic modular farms

Drools of Lemmas

Basic analysis from Whittaker {Watson

good exercise towalk through { understand
o theory of partial fraction decompositions
• interchange orderof integration & summation
- partial integration
- Abel's theorem on continuity



mock U functions { real analytic modular farms

Theorem ( 2-Weyers )

The function Hczl defined by
Htt ) : = FCZI - GCz)

is a vector-valued real- analytic modular farm

of weight Yz satisfying

Heel = (¥5
"

go §) Hoel Su:=e⇐ih

÷
.

" HEE Imei
and H is an eigenfunction of the Casimir operator

rye -443,3dg t 'YEE +76
with eigenvalue 346 Where E

-

- X -I iy

⇒ = 's Ha
,

- iz) . and Ze -- I ( I, + if ) .



mock d functions } real analytic modular farms

note that

rye --if E.ae It Eirik)-' Ee
ryz It = Ice H

Let 's ante F = Ht G CH -- F - o )

Corollary The vector- valued third order

mock I function F can be written

as the sun ol a real analytic modelar fault

and a function G that is boarded inall

rational points .

Reina tf Ramanujan's definition is
weakened it is not true



Summary
① the transformation of->of

'

a) Rogers - Ramanujan type identities

b) mock Theta functions}
partial Theta functions

② asymptotes as q→E root ol unit radially
al mock Theta Kuchar elq I

ul false theta function a- Cgl
c) Python work

③ introduction to mock modularity
a) real analytic modular farms



Next time :

-

modularity

mock modularity
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