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L ABSTRACT

ABSTRACT

» Dyson's rank

» Ramanujan’s partition congruences

» Atkin and Swinnerton-Dyer's proof (1954)

» Approach via weak harmonic maass forms (2016)
» Approach via Hecke-Rogers series

>

Ramanujan and Dyson's rank in LNB
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IN MEMORY OF FREEMAN DYSON (1923 - 2020)
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LDYSON's RANK CONJECTURE

Frecman Dyson (left) answers questions from the audience after the
lecture “Herctical thoughts about scicnce and socicty™ organized by the
Dynasty Foundation (March 23, 2009, Lecbedev Physical Institutc
(FIAN), Moscow, Russian Federation)
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L RAMANUJAN'S PARTITION CONGRUENCES

RAMANUJAN (1887 — 1920)




A new approach to Dyson’s rank conjectures
LDYSON'S RANK CONJECTURE
LRAMANUJAN'S PARTITION CONGRUENCES

A partition of n is a representation of n as a sum of nonincreasing
positive integers. Let p(n) denote the number of partitions of n.

(1)

n=1 1 =1
(2)=2

p
p

3+1
242
2+141
1+1+1+1
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LDYSON's RANK CONJECTURE
LRAMANUJAN'S PARTITION CONGRUENCES

Figure: LEONHARD EULER (1707 — 1783)
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LDYSON'S RANK CONJECTURE
LRAMANUJAN'S PARTITION CONGRUENCES

EULER: For |g| < 1

P(q): Zp (n)g" = H 1qm

1 1

= ZzO:_Oo(_1)qu(:4;k71)/2 T 1l-g—-q?+qP+q" —---
k2

q
1+Z(1_ P2 (1 g2

Let g = 2™ with Im7 > 0, then
q

7_) — e7ri/12 H(]‘ _ eZﬂiTm) _ q1/24 H(l
m=1 m=1

ql/?*
so that P(q) = —.
(4) n(7)
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L RAMANUJAN'S PARTITION CONGRUENCES

Ramanujan’s Partition Congruences (1919)

p(5n+4)=0 (mod 5)

p(7Tn+5)=0 (mod7)
p(lln+6) =0 (mod 11)



A new approach to Dyson’s rank conjectures
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L RAMANUJAN'S PARTITION CONGRUENCES

F. J. Dyson, Some guesses in the theory of partitions, Eureka
(Cambridge) 8 (1944), 10-15.

:[analy‘lic““)’ without much difficulty, using identities like (3); in fact,

| there are at least four different proofs of (4) and (5).

| It would be satisfying to have a direct proof of (4). By this I
imean, that although we can prove (in four ways) that the partitions
of 51 -+ 4 can be divided into five equally numerous subclasses, it
is unsatisfactory to receive from the proofs no concrete idea of how
the division is to be made. We require a proof which will not appeal
1o generating functions, but will demonstrate by cross-examination
of the partitions themselves the existence of five exclusive, exhaus-
tive and equally numerous subclasses. In what follows I shall not

' give such a proof, but I shall take the first step towards it, as will

appear.
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L DYsoN's RANK

Dyson (1944) defined the RANK of a partition as the largest part
minus the number of parts.

Example. The rank of 14 +8+2+2+1is14—-5=0.

Let N(m, n) denote the number of partitions of n with rank m.

Let N(m, t, n) denote the number of partitions of n with rank = m
(mod t).
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L DYSON'S RANK

g-NOTATION

(a)n = (3:q)n = (1 - a)(1 — aq)(1 — aq?) --- (1 — ag" )

(a)oe = (3 9)oc = [J (1 - 26¥).
k=0

_ (89)

(a)n = (a; q)n = (aqn; q)oo
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L DYsoN's RANK

RANK GENERATING FUNCTION

oo

R(z,q) = Z Z N(m,n)z™q"

n:o m

n?

LN q
=1t ; (Zq; q)n(

Z_lq; q)n

! (1 R U i ) q;n@nﬂ)) |

T (@ @) (1—2q")(1 -z 1q")

n=1
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L DYSON'S RANK

DYSON’S RANK CONJECTURES

p(5n+4)
5

N(k,5,5n+4) = 0< k<4

7n+5)

N(k,7,7n+5) = P - 0< k<6

Atkin and Swinnerton-Dyer (1954)

The conjecture which T am making is

(8) N(o,5, 51+4) = N(1, 5,51 +4) = N(2, 5, 57 + 4)

= N(3,5, 5% + 4) = N{4, 5. 5% + 4);

or, in words, the partitions of 5u + 4 are divided into five equally
numerous classes according to the five possible values of the least
positive residue of their ranks niodulo 5. In the same way we have

(9) N(©.7,7n +5) = N(1,7,7m +5) = ... = N(6, 7, 7 + 5).
The truth of (4) and (5) would follow at once, if (8) and (g) could be

proved, But the corresponding conjecture with modulus 1r is
definitely false,
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L DYSON'S RANK

EXAMPLE

Partitions Rank Rank modulo 5

4 3 3
3+1 1 1
242 0 0

24+1+1 -1 4
1+1+1+1 -3 2
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L DYsoN's RANK

EQUIVALENT FORM OF DYSON’S RANK CONJECTURES
Let (, = exp(2mi/p). Then

R(¢p, q) ZZNmn

n>0 m

—Z( N(k p,n)c,f)q
=0

n>0

DRC5 <= Coeff of ¢°"™* in R(¢5,q9) =0
DRC.7 <= Coeff of ¢'"*>in R(¢7,9) =0
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L DYSON's RANK CONJECTURE
L DYSON'S RANK

Oliver Atkin

Frank Garvan

H.P.F. Swinnerton-Dyer




R
A new approach to Dyson’s rank conjectures

[ DYSON's RANK CONJECTURE

Dean Hickerson Eric Mortenson
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L APPROACHES

» Atkin and Swinnerton-Dyer (1954) (see also RLN Il by
Andrews and Berndt) Identities for theta-functions and
Lambert series using elliptic function techniques — Also need
to prove the complete 5-dissection etc

» Hickerson and Mortenson (2017) Appell-Lerch series

» G. (2016 — 2018) Theory of harmonic Maass forms - Does
NOT need the complete 5-dissection

» G. (2020) Hecke-Rogers series (and g-series and
theta-functions) Does NOT need the complete 5-dissection



R
A new approach to Dyson’s rank conjectures

L HECKE-ROGERS SERIES

HECKE-ROGERS SERIES has the form

Z (:l:]_)f(n,m)qQ(n,m)-i-L(n,m)
(n,m)eD

where @ is an indefinite binary quadratic form, L is a linear form
and D is a subset of Z? for which Q(n, m) > 0.
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L HECKE-ROGERS SERIES

EXAMPLE
oo Ln/2]

ﬁ(l . Z Z n+m (n?—3m?)/2-+(n+m)/2
n=1

n=—00 m=—[n/2]|

HECKE (1954) ROGERS (1894) (BukTop Kay) KAC and
PETERSON (1980) ANDREWS (1984)
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LHECKE—ROGERS SERIES
L -ANALOGS

G. (2015), Ji and Zhao (2015) = HR-RANK-ID1

o0 n2
_ q _

(20)00(2 7 @)oc(@)o0 D ZanTa), — (2=l '9)o (@)oo R(2, )

n:O n n
| oo (/2 2
- EZ Z (—1)™H (23 4 3= n)qQ(n —3/2)+3(n—j)
n=0 \ j=0
[n/2]

4 Z (—1)nH (0= 3+1 +zsj—n—l)q%(n2—3jz)+é(n+j)
j=1
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L HECKE-ROGERS SERIES
L MORE 2-ANALOGS

BRADLEY-THRUSH (2020) ~ HR-RANK-ID2 ]

(ZCI)oo(Z 9)oo(q) oo ZZ ]_)JZJq2 n(3n+1)—j? (1_q2n+1).

n=0j=—n

q)oo Z Z( 1)Jq In(3n+1)—j? (1 q2n+1)'

(6% )0 =
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L MORE z-ANALOGS

HR-RANK-ID3
[ele) qn2
1—|—222;OOZ_2;oo?oo TN o1
(1+ 2)(Z2%0 9)oo(2 %71 9)o0(q: ) ;)(zq)n(zlq)n
= (14 2)(2°q: 9)oo(27%7: 9)oo(a: 9)c R (2, )
oo [n/2]
_ Z Z n—i—J n+1 _|_Z—n)q2 n?—3j )+%(n—j)
1=0 j=—[n/2]

Can prove this identity using special case of a Theorem of
HICKERSON AND MORTENSON (2014) for their Hecke-Rogers
series f1 51 in terms of Apell-Lerch series.
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L MORE z-ANALOGS

HR-RANK-ID4 |

(14 2)(2°¢% ¢*)oo(2720% 4%)oe (675 G°) Z

= (1+2)(?¢% ¢*)(z2¢% q )oo(q .q )ooR(z, q)

oo 2n

— ZZ ZJ+1 4z~ )q3n +2n7jj(.l+1)
n=0 j=0

co 2n—2

— Z Z AR )q3n2—2n—%j(j+1)

n=1 j=0
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L MORE z-ANALOGS

THEOREM [BRADLEY-THRUSH (2020)] Let k € Z*, |p|,
|l Ipg™’| < 1. Then

yq)z

n=—0oo

Z Z m+n (n—m)(n— m+1)/29( kn/X; p)ym

m=—00 n=0

n n(n+1)/2 n

1—yq

where 0(x; q) = (X; 9)oo(9/X; @)o0(a; 9)oo

k = 2, p = q6, X = q*2’ y =7 = HR'RANK—ID2
k=1 p=¢ q— q® x=q 1 1y=22—s HRRANK-ID4
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L HECKE-ROGERS SERIES
L MORE z-ANALOGS

Jonathan Bradley-Thrush
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LS—DISSECTIONS OF VARIOUS THETA FUNCTIONS

JACOBI JTP |

J(2,0) = (2 D)ooz 70 Doo(@ Qoo = Y, (—1)"2"¢ "D/

n=—o0

NOTATION o4 a, b be integers where 0 < a < b.
Iba =14(a% ") = (4% 4")ss(4" % 4")o(a”; 4°) oo

Jb = (4% ¢")e
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L_5.DISSECTIONS OF VARIOUS THETA FUNCTIONS
Lp—DISSECTION and SIFTING OPERATORS

Let

F(q) =) _a(n)g" € Z[[q]]

n

The p-DISSECTION of F(q) is

p—1

p—1
Fl@=Y_ > ana" =) daF()

r=0 n=r (mod p) r=0
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LS—DISSECTIONS OF VARIOUS THETA FUNCTIONS
Lp—DISSECTION and SIFTING OPERATORS

EXAMPLE The 5-DISSECTION of (¢q; 9)oo(¢71G; 9)oo(9; )0
where ¢ = ( = exp(27i/5). Let z=( in

r m(m—1)/2 where m=5n+r

25/2n% —5/2n

25/2n? +5/2n
25/2n? +15/2n+ 1
25/2n +25/2n + 3
-1 25/2n%> —15/2n + 1

w N = O
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I—5—DISSECTIONS OF VARIOUS THETA FUNCTIONS
Lp-DISSECTION and SIFTING OPERATORS

5-DISS-1 |

(€@)oo (¢ 9)00(q)o0 = J25,10 + G(C% + ¢ 2) s 5

5-DISS-2 |

J J.
(@) = (q) = s ( 2510 2955 )
Jo5 5 510

)

5-DISS-3 |

[ee)

2
> (-1)"q" = Jso25 — 2qJs0,15 + 29" Js0.5

n=—o0

04(q) =
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|—5—DISSECTIONS OF VARIOUS THETA FUNCTIONS
Lp-DISSECTION and SIFTING OPERATORS

Flq) =) a(n)g"

Upm(F) = Z a(pn+ m)q",
Us m(F) = a(pn+ m)g°"t™,
Aom(F) =Y a(m)q"m/P,

_ *
Up,m = Apmo Up’m.

)
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|—5—DISSECTIONS OF VARIOUS THETA FUNCTIONS
Lp-DISSECTION and SIFTING OPERATORS

SIFT-1 )
Us2 (E(q)?) = %3
SIFT-2 J
JsJs 1
Us 3 (04(q) E(q)) = 2 %
5.2
J5J5 24101

Usa(04(q) E(q)) =2 ==
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L5_DISSECTION OF R(¢, q)

RANK 5-DISS-1 J

Us2 ((€9)oc (¢ 9)oc(9)s0 R(C, @) = — 2
PROOF

aﬁ_y%+;mdﬁﬂ (mod 5)

if and only if n =2 (mod 5) and j =4 (mod 5), in which case
n—3j=0 (mod 5)

1, . 1,

E(n -3 )+§(n+j)E2 (mod 5)

if and only if n=2 (mod 5) and j =1 (mod 5), in which case
n—3j+1=0 (mod5).
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L_5.DISSECTION OF R(¢, q)

U5,2 ((Cq)oo(c_lq)oo(q)oo R(C7 q))

n= OJ—*L"/2J
= Usp (E(q)?) = —J2.
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L_5.DISSECTION OF R(¢, q)

RANK 5-DISS-2ab |

JsJ51J
Us 3 (o)l @ a)c RIC 7)) = (¢4 €F) 5702

Us.a (€)oo (¢ )oc(@)oe R(C, 4%)) = (¢ +C*) M
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L_5.DISSECTION OF R(¢, q)

PROOF SKETCH

Us3 (€0 (¢ 1 0)ec(@) RIG 7)) = 5(¢2 + ) Us((0) R(L 62))

N %(42 + ¢ Us 3(0a(q) E(q)) = (¢ + ) @
5,1

Similarly ... Ol
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L_5.DISSECTION OF R(¢, q)
L THREE EQUATIONS ...

DRC5 <= Uss(R(¢,q?)) =0 J

4
R(¢,q%) =D d“Ru(q®).
k=0
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L5-DISSECTION OF R((, q)
L THREE EQUATIONS ...

EQ-1 J

(¢% + ) ho2 Ra(q) + S04 Ra(q) = —J3

EQ-2 J
Js1J5J
(¢*+¢3)Js1 Ra(q) + J52 Ra(q) = (¢ + <3)%210,3
EQ-3 )
J5,2J5J10,1

(P4 ¢3) 51 Ra(q) + Js2 Ra(q) = (¢ +¢%) ™

)
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L5_DISSECTION OF R(¢, q)
LTHREE EQUATIONS ...

b
D(q)

+J5 J53,2 J101 J10.2 J0a + I3 J53,1 J5.2 J10,4
— S Js 1 Jgiz J102 — J52 (s J52,1 J10,1 J120,4
+J5J51 J52 J120,2 J103 —J5 Jg?,z J10,1 J10,2 J10,4
—J120 Jg,1 J10.4) (CZ =+ C3))
=0,

Rs(q) = (J5 J2 1 J10.2 J103 ho4 — 25 J2 1 Js.2 101 S04

using
Ji01J104 s Ji024103  Js53

% 2> 3y Jo
Ra(q) = Ti0a’ Ra(q) = —(1+ ¢ +¢ )m-
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LRAMANUJAN'S MOD 5 RANK IDENITITY
A PAGE FROM RAMANUJAN'S LOST NOTEBOOK

{I- r‘)xl—-[r)"l-'V) . I@

ity = {l 1—3; )(r ey phEsT ._I._szﬂ,‘.

. -I'UQ,-. 1.:
13 S - 1+ ‘mya:—ma;r;m
: e C o wgm A
(T =T g gy Ty el 74
v, ’)' =l
ﬁéﬂ) 5] — Pt imz, 73
eSS T O e, B DO
Ho &) = [At) —45325Z o) ¢ s Bly)
+ 2P emigr Q(w—)ip"fradm_’r;q?).;/sm 1wy

Hy) = a-s7 o '9‘3!{‘(4"?’32

[ '
A — A=v0 =" 0-y"D . =
ty Ayp) = n—’%‘j—:"i’,) Il'-'u" (,_?,t)—*“.,

1l = e
o <y = T T)(l—vﬁT
1] Ry = ’Tf”’-uf—*“*
4 ¢ = (7P g

; ;ﬁ(g/.).: -1 *H—‘V 2 ZTW-C’"T/T«M“?’/'

'Z’
=+ d“ﬁ'('_’TO_?U?"‘“?JW‘WJ ""‘

}wf?/) = *H?Wf* Wm
—+ (l‘y“)?‘“.ﬁ(l—y 105" X- (Z

%\i@j@‘W“ ‘J
= 327 b ),
mﬁi/ —— ) et
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LRAMANUJAN'S MOD 5 RANK IDENITITY
LA PAGE FROM RAMANUJAN'S LOST NOTEBOOK

RAMA RANK 5-DISS LNB p.20 )

R(¢q) =A@+ (C+¢ 1 =2)d(0°) +9B(a°) + (¢ + (1) q? C(a)
5
T {D(q5) (@R 2)%} ,

where

(C A (4% 4%)oo G (9.9% % ¢°)oo
Alg) =12 908 F )0 pgy o T J0 gy T pgy = XD AT 0T Jeo
(@) (q.9% ¢°)% (@) (9, 6% ¢°)o (@) (6%, 6% 6°)o (@ (%, 6% q°)%

and

5n? 5n?

e q .\ q
9(q) = 1+§)(q:q5)n+1(q4:q5)n’ v(a) 1+;(q2;q5)n+1(q3;q5)n'
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L RAMANUJAN'S MOD 5 RANK IDENITITY
L GENERAL IDENTITY

GENERALIZED RAMANUJAN RANK IDENTITY |
G.(2019)

1 12 el 3 1 -3 1
an(cp,q)—(p> 3 (1) (cﬁ“"“ ¢ P
a=1

2
_Cga+%(p_l) —Cp 2l 1)> q%(pi?’a)igi4 ®p.a(q9”)

1
= ———(Weight 1 W.H.MF on 'o(p?) N T1(p))

n(p?z)
where
2
, if 0 < 6a < p,
Z(q qP nt1 q" 2:.9P)n
®pa(q) = "
—1+ , if p<6a<3p.
;) (9% 6P)n+1(aP~% qP)n P P
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L RAMANUJAN'S MOD 5 RANK IDENITITY
L PROOF OF RAMANUJAN'S RANK 5 IDENTITY

J2
_E7

It suffices to show that

Ru(q) R = (C+C L Rig) =0

J5 J5.2
)i

)

Ry(q) = — (¢*+¢)

Ro(q) = +(¢*+¢=2) ¢(a),

J51J5 (2C3+242+1)¢()

1
q

)
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LRAMANUJAN'S MOD 5 RANK IDENITITY
L PROOF OF RAMANUJAN'S RANK 5 IDENTITY

We need HR-RANK-ID3 |

o0 n2
1-1—222;002_2;00;00 S ——
(14 2)(2°0: 9)os(2 %05 9)c(q: ) nz_(:)(zq)n(zlq)n
= (14 2)(2°¢; 9)oo (27273 9)oo(d: 9)cR(2, q)

s 102
_Z Z 1)mH ( n+1_|_z—n)q2(n2—31 )+35(n—Jj)

n=0j=—n/2|
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L RAMANUJAN'S MOD 5 RANK IDENITITY
L PROOF OF RAMANUJAN'S RANK 5 IDENTITY

Define R-TWIDDLE |

R(z,q) = (1 + 2)(2°% 9)oo(z %G 9)oc(a: @)oo R (2, ).
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LRAMANUJAN'S MOD 5 RANK IDENITITY
LPROOF OF RAMANUJAN'S RANK 5 IDENTITY

LEMMA
5 %s
Uso (R(G0)) = (1 +0)
—(2+2¢+¢%) (R(%Q)—Jsz)
~ J2
Us.a (R(C, Gy
so (R @) = (24 ¢ 221 e

_ % (2+2¢+¢3) (ﬁ(qz, q°) — J5,1) :
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LRAMANUJAN'S MOD 5 RANK IDENITITY
L PROOF OF LEMMA

%(n2 _ 3j2) + %(n—j) =0 (mod 5)

<~ (n,j) = (0,0),(0,3),(1,4),(3,4),(4,0),(4,3) (mod 5)

n
0
0
- -¢-11
3
4
4

J
0
3
4
4
0
3
4

S1=1(0,0), (0,3), (1,4), (3,4), (4,0), (4.3)}, S2={(1,4), 3,4},
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L RAMANUJAN'S MOD 5 RANK IDENITITY
L PROOF OF LEMMA

oo [n/2]
U50<R( ) (1+¢) Z Z (— 1)”+qu(" =3/%)+3(n—))
n=0 j=—[n/2]
(nj)ES1 (mod 5)
0o [n/2] o . . .
—@2+2+3) Y Y (r1)rHga (D
n=0 j=~[n/2]

(nj)€S2  (mod 5)

o Ln/2]
R(q,q°) = Z Z (—1)™ (g™ + g7 g3 (P =3)+3(n—)).

n=0j=—n/2|
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L RAMANUJAN'S MOD 5 RANK IDENITITY
L PROOF OF LEMMA

V(n.j) = 37 ~3) + 5 (n— )

1
§V(5n+ 1,-5j—1)=5V(n,j) — n,

1
gV(5n+3,—5j—1):5V(n,j)+n+1.
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L RAMANUJAN'S MOD 5 RANK IDENITITY
L PROOF OF LEMMA

1 , 1 —-m<j<m-1 n=2m,
—15(5n+1)] < =5/-1 < [5(5n+1)] &
L5( )] < =5j-1 < [5( ) {—mﬁjﬁm n=2m-+:

and

—-m<j<m n=2m,
—-m—-1<;<m n=2m+



A new approach to Dyson’s rank conjectures
LRAMANUJAN'S MOD 5 RANK IDENITITY
L PROOF OF LEMMA

oo [n/2]
Aol SN (—1)"H g2(n* =37 +3(n—))
n=0j="n/2|
(nj)ES2 (mod 5)
oo |n/2] . e
_Z Z 1)n+J n+1+q—n) qi(”2_3-’2)+5(”_-’)
n=0j="[n/2|
o
Z (_1)mqm(5m+1)/2
m=—00

= R(q.¢°) — J5 2
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oo |n/2]
Z Z (—1)"H g2 (n* =37+ 3(n—))
n=0j=—|n/2]
(nj)eS1 (mod 5)
oo |n/2]
= U Z Z (—1)"H g2(n* =37 +3(n—))
n=0 j=—|n/2]

Ug,o ((Q)go)
. J225 J225,10

I

2
J35.5
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Uso (R(G.)) = (140 2322 — 2 +-2¢+ ) (Rla, o) — Jse)

J.r?l
Similarly the result for

Us 4 (fN?(C : q)) =
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R(a.6°) = (% ) (™ q5)oo(q5; qS)m%qR(q, &)

1
52
Z (a; q5)n+1 q* q°)n

=Js52 (1+¢(q)).

n?

R(C.q) = (1 + O 9)oo(C 205 @)oo ) R(C, )

R(C,q) = (1 +¢) (o510 + (¢ + c“)st 5) (Ro(¢®)+

5 T+ = =+ q°Ry(q ))

qg—=>-
Jo5 5

v
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Us,o (ﬁ(C, Q)> = (1+¢) Js2 Ro(q).

J2J522 3
(1+¢) 52 Ro(q) = (1+¢) 7 —(2+¢+¢) 26(q),
5,1
Js2
Ro(q) = j 22 1 (¢*+¢-2) ¢(q)
5,1

Similarly
R3(q) — e
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