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ABSTRACT

ABSTRACT

I Dyson’s rank

I Ramanujan’s partition congruences

I Atkin and Swinnerton-Dyer’s proof (1954)

I Approach via weak harmonic maass forms (2016)

I Approach via Hecke-Rogers series

I Ramanujan and Dyson’s rank in LNB
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DYSON’s RANK CONJECTURE

IN MEMORY OF FREEMAN DYSON (1923 – 2020)
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DYSON’s RANK CONJECTURE

RAMANUJAN’S PARTITION CONGRUENCES

RAMANUJAN (1887 – 1920)
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DYSON’s RANK CONJECTURE

RAMANUJAN’S PARTITION CONGRUENCES

A partition of n is a representation of n as a sum of nonincreasing
positive integers. Let p(n) denote the number of partitions of n.

n=1 1 p(1)=1

n=2 2 p(2)=2
1+1

n=3 3 p(3)=3
2+1

1+1+1

n=4 4 p(4)=5
3+1
2+2

2+1+1
1+1+1+1

...



A new approach to Dyson’s rank conjectures

DYSON’s RANK CONJECTURE

RAMANUJAN’S PARTITION CONGRUENCES

Figure: LEONHARD EULER (1707 — 1783)
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DYSON’s RANK CONJECTURE

RAMANUJAN’S PARTITION CONGRUENCES

EULER: For |q| < 1

P(q) :=
∞∑
n=0

p(n)qn =
∞∏

m=1

1

1− qm

=
1∑∞

k=−∞(−1)kqk(3k−1)/2
=

1

1− q − q2 + q5 + q7 − · · ·

= 1 +
∞∑
k=1

qk
2

(1− q)2(1− q2)2 · · · (1− qk)2

Let q = e2πiτ with Imτ > 0, then

η(τ) := eπi/12
∞∏

m=1

(1− e2πiτm) = q1/24
∞∏

m=1

(1− qm)

so that P(q) =
q1/24

η(τ)
.
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DYSON’s RANK CONJECTURE

RAMANUJAN’S PARTITION CONGRUENCES

Ramanujan’s Partition Congruences (1919)

p(5n + 4) ≡ 0 (mod 5)

p(7n + 5) ≡ 0 (mod 7)

p(11n + 6) ≡ 0 (mod 11)
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DYSON’s RANK CONJECTURE

RAMANUJAN’S PARTITION CONGRUENCES

F. J. Dyson, Some guesses in the theory of partitions, Eureka
(Cambridge) 8 (1944), 10–15.
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DYSON’s RANK CONJECTURE

DYSON’S RANK

Dyson (1944) defined the RANK of a partition as the largest part
minus the number of parts.

Example. The rank of 14 + 8 + 2 + 2 + 1 is 14− 5 = 9.

Let N(m, n) denote the number of partitions of n with rank m.

Let N(m, t, n) denote the number of partitions of n with rank ≡ m
(mod t).
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DYSON’s RANK CONJECTURE

DYSON’S RANK

q-NOTATION

(a)n = (a; q)n = (1− a)(1− aq)(1− aq2) · · · (1− aqn−1)

(a)∞ = (a; q)∞ =
∞∏
k=0

(1− aqk),

(a)n = (a; q)n =
(a; q)∞

(aqn; q)∞
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DYSON’s RANK CONJECTURE

DYSON’S RANK

RANK GENERATING FUNCTION

R(z , q) =
∞∑
n=0

∑
m

N(m, n)zmqn

= 1 +
∞∑
n=1

qn
2

(zq; q)n(z−1q; q)n

=
1

(q; q)∞

(
1 +

∞∑
n=1

(−1)n(1 + qn)(1− z)(1− z−1)

(1− zqn)(1− z−1qn)
q

1
2
n(3n+1)

)
.
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DYSON’s RANK CONJECTURE

DYSON’S RANK

DYSON’S RANK CONJECTURES

N(k , 5, 5n + 4) =
p(5n + 4)

5
0 ≤ k ≤ 4

N(k , 7, 7n + 5) =
p(7n + 5)

7
0 ≤ k ≤ 6

Atkin and Swinnerton-Dyer (1954)
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DYSON’s RANK CONJECTURE

DYSON’S RANK

EXAMPLE

Partitions Rank Rank modulo 5

4 3 3

3+1 1 1

2+2 0 0

2+1+1 -1 4

1+1+1+1 -3 2
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DYSON’s RANK CONJECTURE

DYSON’S RANK

EQUIVALENT FORM OF DYSON’S RANK CONJECTURES
Let ζp = exp(2πi/p). Then

R(ζp, q) =
∑
n≥0

∑
m

N(m, n)ζmp qn

=
∑
n≥0

(
p−1∑
k=0

N(k , p, n)ζkp

)
qn.

DRC .5 ⇐⇒ Coeff of q5n+4 in R(ζ5, q) = 0

DRC .7 ⇐⇒ Coeff of q7n+5 in R(ζ7, q) = 0
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DYSON’s RANK CONJECTURE

DYSON’S RANK
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DYSON’s RANK CONJECTURE
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DYSON’s RANK CONJECTURE

APPROACHES

I Atkin and Swinnerton-Dyer (1954) (see also RLN III by
Andrews and Berndt) Identities for theta-functions and
Lambert series using elliptic function techniques – Also need
to prove the complete 5-dissection etc

I Hickerson and Mortenson (2017) Appell-Lerch series

I G. (2016 – 2018) Theory of harmonic Maass forms - Does
NOT need the complete 5-dissection

I G. (2020) Hecke-Rogers series (and q-series and
theta-functions) Does NOT need the complete 5-dissection
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HECKE-ROGERS SERIES

HECKE-ROGERS SERIES has the form∑
(n,m)∈D

(±1)f (n,m)qQ(n,m)+L(n,m)

where Q is an indefinite binary quadratic form, L is a linear form
and D is a subset of Z2 for which Q(n,m) ≥ 0.
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HECKE-ROGERS SERIES

EXAMPLE

∞∏
n=1

(1− qn)2 =
∞∑

n=−∞

bn/2c∑
m=−bn/2c

(−1)n+mq(n
2−3m2)/2+(n+m)/2

HECKE (1954) ROGERS (1894) (Biktor Kac) KAC and
PETERSON (1980) ANDREWS (1984)
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HECKE-ROGERS SERIES

z-ANALOGS

G. (2015), Ji and Zhao (2015) HR-RANK-ID1

(zq)∞(z−1q)∞(q)∞

∞∑
n=0

qn
2

(zq)n(z−1q)n
= (zq)∞(z−1q)∞(q)∞R(z , q)

=
1

2

∞∑
n=0

[n/2]∑
j=0

(−1)n+j(zn−3j + z3j−n)q
1
2
(n2−3j2)+ 1

2
(n−j)

+

[n/2]∑
j=1

(−1)n+j(zn−3j+1 + z3j−n−1)q
1
2
(n2−3j2)+ 1

2
(n+j)

 .
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HECKE-ROGERS SERIES

MORE z-ANALOGS

BRADLEY-THRUSH (2020) HR-RANK-ID2

(zq)∞(z−1q)∞(q)∞R(z , q2) =
∞∑
n=0

n∑
j=−n

(−1)jz jq
1
2
n(3n+1)−j2(1−q2n+1).

(q)3∞
(q2; q2)∞

=
∞∑
n=0

n∑
j=−n

(−1)jq
1
2
n(3n+1)−j2(1− q2n+1).
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HECKE-ROGERS SERIES

MORE z-ANALOGS

HR-RANK-ID3

(1 + z)(z2q; q)∞(z−2q; q)∞(q; q)∞

∞∑
n=0

qn
2

(zq)n(z−1q)n

= (1 + z)(z2q; q)∞(z−2q; q)∞(q; q)∞R(z , q)

=
∞∑
n=0

bn/2c∑
j=−bn/2c

(−1)n+j(zn+1 + z−n)q
1
2
(n2−3j2)+ 1

2
(n−j)

Can prove this identity using special case of a Theorem of
HICKERSON AND MORTENSON (2014) for their Hecke-Rogers
series f1,2,1 in terms of Apell-Lerch series.
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HECKE-ROGERS SERIES

MORE z-ANALOGS

HR-RANK-ID4

(1 + z)(z2q2; q2)∞(z−2q2; q2)∞(q2; q2)∞

∞∑
n=0

qn
2

(zq)n(z−1q)n

= (1 + z)(z2q2; q2)∞(z−2q2; q2)∞(q2; q2)∞R(z , q)

=
∞∑
n=0

2n∑
j=0

(−1)n(z j+1 + z−j)q3n
2+2n− 1

2
j(j+1)

−
∞∑
n=1

2n−2∑
j=0

(−1)n(z j+1 + z−j)q3n
2−2n− 1

2
j(j+1)
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HECKE-ROGERS SERIES

MORE z-ANALOGS

THEOREM [BRADLEY-THRUSH (2020)] Let k ∈ Z+, |p|,
|q|, |pq−k2 | < 1. Then

θ(y ; q)
∞∑

n=−∞

(−1)npn(n+1)/2xn

1− yqk

=
∞∑

m=−∞

∞∑
n=0

(−1)m+nq(n−m)(n−m+1)/2θ(q−kn/x ; p)ym,

where θ(x ; q) = (x ; q)∞(q/x ; q)∞(q; q)∞.

k = 2, p = q6, x = q−2, y = z =⇒ HR-RANK-ID2

k = 1, p = q3, q → q2, x = q−1, 1 y = z2 =⇒ HR-RANK-ID4
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HECKE-ROGERS SERIES

MORE z-ANALOGS
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5-DISSECTIONS OF VARIOUS THETA FUNCTIONS

JACOBI JTP

j(z , q) := (z ; q)∞(z−1q; q)∞(q; q)∞ =
∞∑

n=−∞
(−1)nznqn(n−1)/2

NOTATION Let a, b be integers where 0 < a < b.

Jb,a := j(qa, qb) = (qa; qb)∞(qb−a; qb)∞(qb; qb)∞

Jb := (qb; qb)∞
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5-DISSECTIONS OF VARIOUS THETA FUNCTIONS

p-DISSECTION and SIFTING OPERATORS

Let
F (q) =

∑
n

a(n)qn ∈ Z[[q]]

The p-DISSECTION of F (q) is

F (q) =

p−1∑
r=0

∑
n≡r (mod p)

a(n)qn =

p−1∑
r=0

qrFr (qp)
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5-DISSECTIONS OF VARIOUS THETA FUNCTIONS

p-DISSECTION and SIFTING OPERATORS

EXAMPLE The 5-DISSECTION of (ζq; q)∞(ζ−1q; q)∞(q; q)∞,

where ζ = ζ = exp(2πi/5). Let z = ζ in JTP

r m(m − 1)/2 where m = 5n + r

0 25/2n2 − 5/2n

1 25/2n2 + 5/2n

2 25/2n2 + 15/2n + 1

3 25/2n2 + 25/2n + 3

-1 25/2n2 − 15/2n + 1
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5-DISSECTIONS OF VARIOUS THETA FUNCTIONS

p-DISSECTION and SIFTING OPERATORS

5-DISS-1

(ζq)∞(ζ−1q)∞(q)∞ = J25,10 + q(ζ2 + ζ−2)J25,5

5-DISS-2

E (q) := (q)∞ = J25

(
J25,10
J25,5

− q − q2
J25,5
J25,10

)

5-DISS-3

θ4(q) =
∞∑

n=−∞
(−1)nqn

2
= J50,25 − 2qJ50,15 + 2q4J50,5
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5-DISSECTIONS OF VARIOUS THETA FUNCTIONS

p-DISSECTION and SIFTING OPERATORS

F (q) =
∑
n

a(n)qn

Up,m(F ) =
∑
n

a(pn + m)qn,

U∗p,m(F ) =
∑
n

a(pn + m)qpn+m,

Ap,m(F ) =
∑
n

a(n)q(n−m)/p,

Up,m = Ap,m ◦ U∗p,m.
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5-DISSECTIONS OF VARIOUS THETA FUNCTIONS

p-DISSECTION and SIFTING OPERATORS

SIFT-1

U5,2

(
E (q)2

)
= −J25

SIFT-2

U5,3 (θ4(q)E (q)) = 2
J5J5,1J10,3

J5,2

U5,4 (θ4(q)E (q)) = 2
J5J5,2J10,1

J5,1
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5-DISSECTION OF R(ζ, q)

RANK 5-DISS-1

U5,2

(
(ζq)∞(ζ−1q)∞(q)∞ R(ζ, q)

)
= −J25

PROOF

1

2
(n2 − 3j2) +

1

2
(n − j) ≡ 2 (mod 5)

if and only if n ≡ 2 (mod 5) and j ≡ 4 (mod 5), in which case
n − 3j ≡ 0 (mod 5)

1

2
(n2 − 3j2) +

1

2
(n + j) ≡ 2 (mod 5)

if and only if n ≡ 2 (mod 5) and j ≡ 1 (mod 5), in which case
n − 3j + 1 ≡ 0 (mod 5).
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5-DISSECTION OF R(ζ, q)

U5,2

(
(ζq)∞(ζ−1q)∞(q)∞ R(ζ, q)

)
= U5,2

 ∞∑
n=0

bn/2c∑
j=−bn/2c

(−1)n+jq
1
2
(n2−3j2)+ 1

2
(n−j)


= U5,2

(
E (q)2

)
= −J2.
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5-DISSECTION OF R(ζ, q)

RANK 5-DISS-2ab

U5,3

(
(ζq)∞(ζ−1q)∞(q)∞ R(ζ, q2)

)
= (ζ2 + ζ3)

J5J5,1J10,3
J5,2

U5,4

(
(ζq)∞(ζ−1q)∞(q)∞ R(ζ, q2)

)
= (ζ + ζ4)

J5J5,2J10,1
J5,1
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5-DISSECTION OF R(ζ, q)

PROOF SKETCH

U5,3

(
(ζq)∞(ζ−1q)∞(q)∞ R(ζ, q2)

)
=

1

2
(ζ2 + ζ3)U5,3((q)3∞ R(1, q2))

=
1

2
(ζ2 + ζ3)U5,3(θ4(q)E (q)) = (ζ2 + ζ3)

J5J5,2J10,1
J5,1

Similarly . . .
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5-DISSECTION OF R(ζ, q)

THREE EQUATIONS . . .

DRC .5 ⇐⇒ U5,3(R(ζ, q2)) = 0

R(ζ, q2) =
4∑

k=0

qkRk(q5).
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5-DISSECTION OF R(ζ, q)

THREE EQUATIONS . . .

EQ-1

(ζ2 + ζ3)J10,2 R2(q) + J10,4 R4(q) = −J210

EQ-2

(ζ2 + ζ3)J5,1 R2(q) + J5,2 R3(q) = (ζ2 + ζ3)
J5,1J5J10,3

J5,2

EQ-3

(ζ2 + ζ3)J5,1 R3(q) + J5,2 R4(q) = (ζ + ζ4)
J5,2J5J10,1

J5,1
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5-DISSECTION OF R(ζ, q)

THREE EQUATIONS . . .

R3(q) =
1

D(q)

(
J5 J

3
5,1 J10,2 J10,3 J10,4 − 2 J5 J

2
5,1 J5,2 J10,1 J

2
10,4

+ J5 J
3
5,2 J10,1 J10,2 J10,4 + J210 J

3
5,1 J5,2 J10,4

− J210 J5,1 J
3
5,2 J10,2 − J5,2 (J5 J

2
5,1 J10,1 J

2
10,4

+ J5 J5,1 J5,2 J
2
10,2 J10,3 − J5 J

2
5,2 J10,1 J10,2 J10,4

−J210 J35,1 J10,4) (ζ2 + ζ3)
)

= 0,

using
J10,1 J10,4

J210
=

J5,1
J5

,
J10,2 J10,3

J210
=

J5,3
J5

.

R2(q) =
J210
J10,2

, R4(q) = −(1 + ζ2 + ζ3)
J210
J10,4

.
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RAMANUJAN’S MOD 5 RANK IDENITITY

A PAGE FROM RAMANUJAN’S LOST NOTEBOOK
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RAMANUJAN’S MOD 5 RANK IDENITITY

A PAGE FROM RAMANUJAN’S LOST NOTEBOOK

RAMA RANK 5-DISS LNB p.20

R(ζ, q) = A(q5) + (ζ + ζ−1 − 2)φ(q5) + q B(q5) + (ζ + ζ−1) q2 C (q5)

− (ζ + ζ−1) q3
{
D(q5)− (ζ2 + ζ−2 − 2)

ψ(q5)

q5

}
,

where

A(q) =
(q2, q3, q5; q5)∞

(q, q4; q5)2∞
, B(q) =

(q5; q5)∞
(q, q4; q5)∞

, C (q) =
(q5; q5)∞

(q2, q3; q5)∞
, D(q) =

(q, q4, q5; q5)∞
(q2, q3; q5)2∞

,

and

φ(q) = −1 +
∞∑
n=0

q5n
2

(q; q5)n+1(q4; q5)n
, ψ(q) = −1 +

∞∑
n=0

q5n
2

(q2; q5)n+1(q3; q5)n
.
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RAMANUJAN’S MOD 5 RANK IDENITITY

GENERAL IDENTITY

GENERALIZED RAMANUJAN RANK IDENTITY

G.(2019)

q−
1
24R(ζp, q)−

(
12

p

) 1
2
(p−1)∑
a=1

(−1)a
(
ζ
3a+ 1

2
(p+1)

p + ζ
−3a− 1

2
(p+1)

p

−ζ3a+
1
2
(p−1)

p − ζ−3a−
1
2
(p−1)

p

)
q
a
2 (p−3a)−

p2

24 Φp,a(qp)

=
1

η(p2z)
(Weight 1 W.H.MF on Γ0(p2) ∩ Γ1(p))

where

Φp,a(q) :=


∞∑
n=0

qpn
2

(qa; qp)n+1(qp−a; qp)n
, if 0 < 6a < p,

−1 +
∞∑
n=0

qpn
2

(qa; qp)n+1(qp−a; qp)n
, if p < 6a < 3p.
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RAMANUJAN’S MOD 5 RANK IDENITITY

PROOF OF RAMANUJAN’S RANK 5 IDENTITY

R1(q) =
J2

J5,1
, R2(q) = (ζ + ζ−1)

J2

J5,2
R4(q) = 0.

It suffices to show that

R0(q) =
J5

2J5,2

J5,1
2

+
(
ζ4 + ζ − 2

)
φ(q),

R3(q) = −
(
ζ4 + ζ

) J5,1J5
2

J5,2
2

+
1

q

(
2 ζ3 + 2 ζ2 + 1

)
ψ(q).
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RAMANUJAN’S MOD 5 RANK IDENITITY

PROOF OF RAMANUJAN’S RANK 5 IDENTITY

We need HR-RANK-ID3

(1 + z)(z2q; q)∞(z−2q; q)∞(q; q)∞

∞∑
n=0

qn
2

(zq)n(z−1q)n

= (1 + z)(z2q; q)∞(z−2q; q)∞(q; q)∞R(z , q)

=
∞∑
n=0

bn/2c∑
j=−bn/2c

(−1)n+j(zn+1 + z−n)q
1
2
(n2−3j2)+ 1

2
(n−j)
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RAMANUJAN’S MOD 5 RANK IDENITITY

PROOF OF RAMANUJAN’S RANK 5 IDENTITY

Define R-TWIDDLE

∼
R(z , q) = (1 + z)(z2q; q)∞(z−2q; q)∞(q; q)∞R(z , q).
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RAMANUJAN’S MOD 5 RANK IDENITITY

PROOF OF RAMANUJAN’S RANK 5 IDENTITY

LEMMA

U5,0

(∼
R(ζ, q)

)
= (1 + ζ)

J25 J
2
5,2

J25,1

− (2 + 2ζ + ζ3)
(∼
R(q, q5)− J5,2

)
,

U5,4

(∼
R(ζ, q)

)
= (ζ2 + ζ4)

J25 J
2
5,1

J25,2

− 1

q
(2 + 2ζ + ζ3)

(∼
R(q2, q5)− J5,1

)
.
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RAMANUJAN’S MOD 5 RANK IDENITITY

PROOF OF LEMMA

1

2
(n2 − 3j2) +

1

2
(n − j) ≡ 0 (mod 5)

⇐⇒ (n, j) ≡ (0, 0), (0, 3), (1, 4), (3, 4), (4, 0), (4, 3) (mod 5)

.
ζn+1 + ζ−n n j

1 + ζ 0 0
1 + ζ 0 3

−ζ3 − ζ − 1 1 4
−ζ3 − ζ − 1 3 4

1 + ζ 4 0
1 + ζ 4 3

S1 = {(0, 0), (0, 3), (1, 4), (3, 4), (4, 0), (4, 3)}, S2 = {(1, 4), (3, 4)},
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U∗5,0

(∼
R(ζ, q)

)
= (1 + ζ)

∞∑
n=0

bn/2c∑
j=−bn/2c

(n,j)∈S1 (mod 5)

(−1)n+jq
1
2
(n2−3j2)+ 1

2
(n−j)

− (2 + 2ζ + ζ3)
∞∑
n=0

bn/2c∑
j=−bn/2c

(n,j)∈S2 (mod 5)

(−1)n+jq
1
2
(n2−3j2)+ 1

2
(n−j)

∼
R(q, q5) =

∞∑
n=0

bn/2c∑
j=−bn/2c

(−1)n+j
(
qn+1 + q−n

)
q

5
2
(n2−3j2)+ 5

2
(n−j).
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V (n, j) =
1

2
(n2 − 3j2) +

1

2
(n − j)

1

5
V (5n + 1,−5j − 1) = 5V (n, j)− n,

1

5
V (5n + 3,−5j − 1) = 5V (n, j) + n + 1.
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−b12(5n+1)c ≤ −5j−1 ≤ b12(5n+1)c ⇔

{
−m ≤ j ≤ m − 1 n = 2m,

−m ≤ j ≤ m n = 2m + 1,

and

−b12(5n+3)c ≤ −5j−1 ≤ b12(5n+3)c ⇔

{
−m ≤ j ≤ m n = 2m,

−m − 1 ≤ j ≤ m n = 2m + 1.
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A5,0


∞∑
n=0

bn/2c∑
j=−bn/2c

(n,j)∈S2 (mod 5)

(−1)n+jq
1
2
(n2−3j2)+ 1

2
(n−j)


=
∞∑
n=0

bn/2c∑
j=−bn/2c

(−1)n+j
(
qn+1 + q−n

)
q

5
2
(n2−3j2)+ 5

2
(n−j)

−
∞∑

m=−∞
(−1)mqm(5m+1)/2

=
∼
R(q, q5)− J5,2
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∞∑
n=0

bn/2c∑
j=−bn/2c

(n,j)∈S1 (mod 5)

(−1)n+jq
1
2
(n2−3j2)+ 1

2
(n−j)

= U∗5,0

 ∞∑
n=0

bn/2c∑
j=−bn/2c

(−1)n+jq
1
2
(n2−3j2)+ 1

2
(n−j)


= U∗5,0

(
(q)2∞

)
=

J225 J
2
25,10

J225,5
,



A new approach to Dyson’s rank conjectures

RAMANUJAN’S MOD 5 RANK IDENITITY

PROOF OF LEMMA

U5,0

(∼
R(ζ, q)

)
= (1 + ζ)

J2 J25,2
J25,1

− (2 + 2ζ + ζ3)
(∼
R(q, q5)− J5,2

)
Similarly the result for

U5,4

(∼
R(ζ, q)

)
= · · ·
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∼
R(q, q5) = (q2; q5)∞(q3; q5)∞(q5; q5)∞

1

1− q
R(q, q5)

= J5,2

∞∑
n=0

q5n
2

(q; q5)n+1(q4; q5)n

= J5,2 (1 + φ(q)) .

∼
R(ζ, q) = (1 + ζ)(ζ2q; q)∞(ζ−2q; q)∞(q; q)∞R(ζ, q)

∼
R(ζ, q) = (1 + ζ)

(
J25,10 + q(ζ + ζ4)J25,5

) (
R0(q5)+

q
J225
J25,5

+ q2(ζ + ζ4)
J225
J25,10

+ q3R3(q5)

)
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U5,0

(∼
R(ζ, q)

)
= (1 + ζ) J5,2 R0(q).

(1 + ζ) J5,2 R0(q) = (1 + ζ)
J2J25,2
J25,1

− (2 + ζ + ζ3) J5,2 φ(q),

R0(q) =
J5

2J5,2

J5,1
2

+
(
ζ4 + ζ − 2

)
φ(q)

Similarly
R3(q) = · · ·
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THANK YOU
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