


Lectures 445 {6

Topics
I) Simultaneous representations of primes
by binary quadratic farms
at Kaplansky
I) A

g
- series from the Lost Notebook

and two conjectures of Andrews

a) Andrews
,Dyson , Hickerson

b) Cohen

III) An introduction to quantum modular
Forms

a) Zagter
b) Folsom

,
Ono

,
Rhoades
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Motivation ?

I) Theorem ( Kaplansky)
A prime p ,PEI Cmodlle) is representable

by both or none of the quadratic forms
X43242 and x2+64-12

A prime p , p=9 (mod 16) is representable

by exactly one of the quadratic forms
⇒ A g-series fromthe

Lost Notebook

{Andrews
'

Conjectures
sign := 'II

, g
" """

Yatgaegt . - - heat)•
n

= I Sculqneo

=

leg- g
?
-Rapture 4445T . . -e6gk¥ . -

Conjecture I : um sup) scull -- ta
n-2N

Conjecture 2 : Scn) =O infinitely many n .



Underlying themes and questions
I) Threefield identities

a) Gauss ; Serve ; Andrews,Dyson ,Hickerson;
Cohen

I) Relatingthe Fourier coefficients
ol a q

- series ⇐occnlqn
to the solutions of a quadratic farm
ant b=xIdy2

II) when can one write a q- series as

" ¥
.
¥
.

) tiisxrsqatrttbrsx ok ,

B) 4¥.tn#c-yrtsxnysqakltbrsxccE )



Underlyingthemes and questions
A) Lais

, c
CK

,Yigal
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.
¥
.

) threesqakltbrs.ec
B) garb . c (Key ,g)
⇐ 1¥ t.IO/aiYiysqaEHbrsicEl
Examples
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Three field identities ( Notation)
-o-

Legendre Symbol
Let p be an odd prime number

( app ) :-/
' 'f a 's a quadratic res mod p

-

-l if a is a non residue mod p
O of azo (mod p)

Example '

al ( Ip) -- C- y =/
lil PII Canada)

-l al p =3 Corrody)

b) ( f) - fi) P¥=f ' il Petit anode)-l if p =-3 ,5 (Mod 8)

c) Fermat 's two square theorem

f- x't y
'

⇐ pet mod 4 @ (Ip ) =/ )



Three field identities C Notation)
- o -

Jacobi symbol
• generalization of the Legendre Symbol
• For any integer a and any
positive integer n ,
n=p ,

d' PEZ -- pick

The Jacobi Symbol is defined as
the product ol the Legendre Symbols
Ente Y ' #K . . - faze)dk



Three field Identities
- Let D } E be distinct square

- free

integers not equal to 1 and let F

be the square
- free product of DE

- There is an identity between
representations of odd integers n
far which the Jacobi symbols

CE ) --CE ) -- CE 1--1
by quadratic forms associated with
the fields
④Crs) , CE )

,
④ IF )

- There are two types of threefield
identities



Three field identities
Two types 8

Type I )
The case D , E , F are all positive

Example : Olg )
D=2

,
E- 3

,
F-G Ctoday)

TypeII )
The case two of the integers
say DIE are negative and one
say F is positive
Example :

Kaplansky 's Theorem ( last time I
D= - I , E= -2 F=2



Three field Identities
n

we have a q
-series Info ccutg

The Fourier coefficients ccnl are related

to three different quadratic farms
with each farm having its own generatingfu .

TypeI) Two of the generating furs turn
out to be Theta hrs .

The identity is two

theta Tus expressed in terms ol J 's and a

Hecke - type double - sun facbcccxcycz)

Example D= -l E - -Z F
'
-Z

JanTz
,y
= Ter Ja

,4

= Linc g
"'

.
- g
"'

,
-

g
" )

Application : Kaplansky's Theorem

Type I) Less understood



Three field identities

TypeI ) Kaplansky 's Theorem ( last time )
Jr

,yTzu = Ji,2Fyy
= Lis

,, Cq
"

, -9,314 ,
-

y
'")

•
n

= ,I can)q
N=O

D= -l
,
E= -Z

,
f-=L

we can relate the cars 's to the solution

sets of three different quadratic forms
antb = x' - dy

'd

8 nel = x4y2 D= - I D

8nt I = x' +272 D= -Z E

8h47 = XZ- 2-12 d -52 F



Three field Identities

Kaplansky's Theorem § Understanding q-series
- state the threefield identity
- Prove the three field identity
- Express car) as a sum over the

weighted solution sets to the
three different quadratic forms

- Prove Kaplansky 's Theorem

by comparingthe weighted solution sets
- Show that the weighted solution sets

give the respective generatingfunctions
found in the threefield identity ,



A B C

JunTaeJuive=L ,s .. 1g
""

.
-

q?
"

,
-qjk )

= : 2- Io coign
A) Fox x20

.

The Coe f f a cul is the excess of

the number ol unequi v . Solus ol

8nel =x2+yZ
with

>CEIl CE)
,YEO CE) ar xEI3181 ,yI4 181

over the number with

KE I3 Coo)
,4=-0

(E) ar XE II CEI 4=-4 ( 81

B) Fix x> o .

Here x as odd eyeoven. The

coed l can) is the excess ol the number of

ur equivalent solus of
8h t le XT 2yd
worth

y Io (ul

over the number with

7=-2 C -L)



A B C

JunTaeTintin=L ," Iq
""

.
-

q
""

,
-gk )

= : 2- Io coign
C) Fux x> 0

,
here sees odd y even

and
- sclz E -

y 2×12 .
The coell

Carl is the excess of the number of

urequivalent solutions of

Intl →f- 2yZ
with t

xEl C-4
, y E o l'll ar XE 3 CY) ,y⇒

(41

are the number with

X El CN yEZ 141 or a =-3 LY), y
IO (4)

- I

Remark '
- in equivalent solutions .



Threefield identities

Kaplansky 's Theorem { Understandingg-series
Given a generating function • n

for example Jyz -Fi
,y
= : Eccnlq
n=O

i) how do we find a ,bid in

antb=xZdy2 ? I)
2) once we have a ,bid ,

how

do we express Ccu) as a sum

over the weights of the solutions to CH?

3) how do we show the weighted
solution sets give the generating
function?



Three field Identities

Kaplansky 'sTheorem { Understanding g-series
-
Finding a.bid given a generatingfunction
For a Theta function Tcg) there is an
associated Fractional exponent d such
that

g
"
f- (q ) is in some ways simpler

than Tcg) . Modularity properties
are easier to state

.

The d for both

Tx .mn.
-

- jig
"

; gml and Iam:=jtq" igm )
is D= Cm - 2h51am

"
=

"

%
Remark - one does not necessarily

assume a , b are in lowest

terms



Three field identities

Kaplansky 's Theorem { Understanding g-series
- co-

Ih Tk
, you

• Jkzgm
Car with Tls )
D= - (square

-free part of M
.

- Mz )
Example
Jim Tz, y 8nel= xIyZ
A- (4yTt KEEP =L a -_ - I

8. y 0

JIRI
, y

8h41 = x'+42
D= CL - 2-132 (4-2 - y

'

D= -Z
-

t

Ty =L ,

8. 2



Three field identities

Kaplansky 's Theorem} Understandingg-series
ifwe have the generating function and
have a good guess at a ,bad , how

do we find the weighted solution set
to antb- XZ- dy

'd ?
- o-

E. occnlg?-5nF , y
-

- tg-zgf-igf-izgf.iq't - -

Guess Ent I = XI 2y2
a) Find n

,
8mL =p a prime, Ccn#0

These are p with (Ip ) = I
A-2 c 12) = -Z Ent 1=17

Solus (3
,-2,113,2 )

give each weight
"
- l
"

Python Code



Three field Identities

Kaplansky 's Theorem } Understanding g-series
b) For prune> p , Enel =p , ccnko

Look far n with 8ntkp2 , Ccn#O

prime> Clp) = - I

n=3 c (3) =) 8h-4=25

Solus ( 5
,
o)

give each weight
"
t I

' l

Pattern Ccn) is
ooo

^

> c 20 odd y even

YEO Cunard 4) weight +1 .

4=-2 Chad-17 weight - I



Three field Identities

Kaplansky 's Theorem { Understanding g-series
- o-

how do we show our guess at the

weight system gives our generating
function ? ⇐occulq! The M
-

group according to weights { not n 's
- where do it

'
s come from

where do
'
- l
'

s come from

ways ,
l "-44718

last time
.



Three held identities

Kaplansky 's Theorem {Understanding of
-series

Solus giving weight + /

x⇒rel y
-_ 45 Xd O

Solus girly weight
- I

X.= zrtl y=4st2

n= ( x't 25 -
c) 18

+ I cuts came from

Eretz, E. 9.
"""'" """ ' 18

-l certs came from

[Creel 't 445+212-13/8
- EE.us?zit



Threefield ldahtee ,

Kaplansky's Theater 's Understanding-series
D u

2- daily
"o (urate 2C4sT- 1718
= II.

a
Fez

,
9
queereruser - '318

- EE.E.it
" I sci,t4sq"

""feast-i) Coo

= E E gr
"""

. } figs
= I Fon Jk

= I
, ,uT42



Today 's Lecture .

A
g-sarees

fromRamanujan's Lost
Notebook and two Cayectwe, ol
Andrews .

ocgd : -- HEI
,
y
" ""

g, aegis . - - city)
n

=Est)g
F-o

= leg- qZt2q3 e - - - c- 4445T - - -

Conjecture # I Iihf, sup) scull = too

Conjecture # 2 Senko for infinitely many n

theorem C Andrews
,Dyson ,

Hickerson)
Sch) is almost always zero, that is the set of u

for which ScnIto has density Zero .
Scn)

takes on every integer value infinitely often .



Theorem ( Andrews ,Dyson , Hickerson)

scut is almost always zero , that is
the set of u

far uhxh Slntto has density zero .

Scut takes as every integer value infinitely
often
- o -

Prowl (Brief sketch )

- ADH wrote 041 =nI⇒SCulq^ as a
weighted sum over urequivalent solutions to
24ntl =x2- 672 *) UZGUIM

Tcm ) := no ol inequiv .
Solus ol # with

u -130=-11 112) over those with u-132=15 CK)

-
ADH showed Scn) =T 124nA )

- Found an exact formula for Tcm)

- Used formula far Tcm) to prove the

theorem / conjectures .



Aq-series ol RCN { Andrews two Cayectures
--

unlike our example where we related

the Fourier coefficients ol Tintin ccnlg,
"

to all of the solutions ol 8htl=x42y2
,

we cannot write T Cml as a sum

ol weepies ol all solutions to uZ6oIm

because there are infinitely many !
-c
-

if Caio) is a Sdu to u
'
-Gukm#

and if XZ- 672=1 then

u't for extra y) Cutrer)

is also a solution to 1*1



A q
-series ol PLN 's two conjectures of Andrews

Fact :

Let X.y be a solution to X1 Dyk I
where Xcy are ruminal positive .

Example D=6 x = 5,4=2 25-6-4=1

D=2 x
-

- 3 y=z 9-2.4=1

Then each equivalent class Isolators
to uZ6u2=m contains a vague
Cup) with

u - o
'

a
i.
users 't u

Xtc

Example 5=6 u20
, -43 < Vs 4g

D= 2 U> O -YeVE Uk
Z



A q
-series from RLN { Andrews two cayeotvres

- o
-

D n

Gwen the q-series far 6cg.7=-2 Scent of
n=o

how do we know to relate the

Fourier coefficients to the solutions of
24nel = x2-6>2 ?
Q : How do we Luda is , d an antb=xIdf ?

A M

6cg,I = I Sang,
neo

s cut ⇒ far two reasons

1) the wards sum to Zero

B) There are no solutions to an-eb=XZdy2



Aq-series ban RCN } two cayectwesol Andrews
° If p is a prime such that dis a

quadratic narresedue (f) = - l
and if plxZdy2 then p21xZdyZ
So if planets but p2 Xantb then
Scu) =0 (no solutions to

antb=xIdy4
So we tend a bunch of primes
write Fourier coefficients in groups olp
Sco) Scc) Scp -4

Scp) septet Skp -e )

Sept Soper) sap -l)
i



A
q
-series from RLN & two cayectwesol Andrews

Look far a column with almost all

zeros
.

with nonzero terms occurring
a multiple ol p rows apart
if
you find such a column

far enough

primes you
should be able to guess

a ,b



A
q

-series loan Rcntteeocayeotwesol Andrews
prime Col index first n

,
Scu) # O

J l l

7- 2 2

11 5 5

13 7 7
17 12 12

19 15 15
29 6 35

31 9 40

let a range l to 100

(et b range I to KU

look far laid tuples where

521 a - Itb

721 a.zeb
112 / q

. 545

:

Find a
-

- 24
,
b =/



A q-series
from Rw 's two coyectwesol Andrews

once we have candidates for a,b
how do we feud d?

Look for prime>p whee p=24utl , Scu# 0
The first 143 such primes are

[ 73 , 97,193 ,
- - ,

9817 )
Because Scutt 0 we must have (g)=/
far each p .

The only possible d's cute range
[too

,
roc] You} are 23,6

.



Aq-series fromRCN} Andrews two conjectures
- o- A

n

Given the q
- series 641 = E Sculg,

neo

Once we have good cause to suspect
the Fourier Coefficients Scu) are

related to the inequivalent solutions
ol 2unel=x? Gy?
how do we assign weights tothe solutions ?

u2- 602=24u et azo Dee
,
X=5

, 4=2
each equiv class of solus centaurs 9

wuyue
Cup) u> 0

,
-

Ug VE 43

a congruence argument tells us
U E Il Ca ) 7=-0 12)



Pattern Zen -4=712-672
positive weights c- I

XEI ( iz) YEO che )
x -27427 y⇒ C-4)

XEK 212) YEO MI

X E5 H2) 4=-2 Cut

negative uts - l

X E 't CK ) y
m )

X El 112) YEZ cu)
X E5 ( 121 YEO Ch )
XIII ( 12) 1=-2 Ct )



A q
-

series loan Rw { two cayectwe, ol Andrews
a.= Giel ar Gi e5

v=2j
rewrite inequalities
- u c 30 Ey

Giel : -Gi -I e Gj E Giel
- i -Yue is ie

'
6

so ljl si iso

Gies : -Gi - s a leg's Gies
- i - 56 c j E ie 516

IJIEU it 0



A
q
- series fromRw } two cayectwesoltutwews

what is the pattern to the weights
?

weight c- I

>c El Corod 12) yZo (Modu)

KE 5
' '

y ZZ
4

XI7 ' '

y
EL ' l

XZ 4
' '

y Id
"

weight - I
XEI Cmodl2) y I 2 (mad 'll

X
''

y O ' '

XE 7
' '

y E O "

X Cl "
y ZZ

"



A q-series from RCN 's Andrews two CayeAcres

weight system → Hecke- type double sum
- o-

2- means I
izo , LjIsi

q glazier acujfikzyz q[cried
'
- 614jet- i) Ky

- z q[ ( kit55-61412-1312,1 z q[crit512-614,'t212-1124
- z q[ Ckie

712-6MjKD 124 q q[crit712-614jezfit] 124
+ [ qfcki-NT-6kjf-DKI.CCKieuf- 614it 212-13/242g
= [ ←gigkit 'T-6145143k¥ quique ie't-6044214] Ky
- zeyiqkbi-5KGHM-Dkyzeyiqlkeits-T-6uj-uf.it/z4=zc.yitiqk6it ' 12-6%147124=2a,iejg[Keiest- 612JKiddy
= e -

-



A
q
-series fromRCN } Andrews two conjectures

weight system - s Hecke - type double -sum
- 0

From Previous Page 2- means Iizo
, ljIsi

2- ←feigccai"" ' 71,7.iq?caiesk6kikitkY=-zeyieiqiBiHk-iha-g,2i-u)
izo

ljlEi

• n

= ETC24N -u)
q

ne o

Bailey Technology
say, = E c -y

'" Igi Bink -54 ,⇒
ziti )

iz o

ljlsi

so §gcu) q! Emotional g"
⇒ scut =T 124nA)



A
g-series from Ren } two cayectwe, ol Andrews
a

sq, = -2c-yitiqit.im/z-jyhqzi-u)i=oljlEi
want it to look like

( Is, I ! '-54;sgakkbrs.cc
El

Lee r -- i - j s
-

- iej
then i - ref j -

need teeo case )

Cris) → Christ both even

↳ GreyGel both odd



A
g- series

from Rw} two cayectwe, ol Andrews
Ease Gris)

joy
"""" ""

cigar
-est' )

case are42Stl)

qqzoqkltsrstcsl-444s-yy.gr
-Ust's )

we have four sums above, in two of

them make res -s -l-r
,
- IS

"H -

- (÷.eu?)qkH5rsecEltres7%Feo-4Io/qktt5rstCElt4recy--gysuC-q
, -441

-g- g.sntg
"

.
-girl



A
q
-series fanDw} two cagedw es ol Andrews

other generatey hrs for 6cg)

541 - gs .6.6 C -gig" if I
-gigs .we C-g.9g

"

.gl
' 2g? gas ,ceca C-fl q

"

cf)



Theorem ( Andrews ,Dyson , Hickerson)

scut is almost always zero , that is
the set of u

far uhxh Stutter has density zero .

Scut takes as every integer value infinitely
often
- o -

Prowl (Brief sketch )

- ADH wrote ocq) =nI⇒SCulq^ as a
weighted sum over urequivalent solutions to
24ntl =xZ- 6>2 CH) UZGUIM

Tcm ) := no ol inequiv .
Solus ol # with

u -130=-11 112) over those with u-132=15 C 12)

-
ADH showed Scn) =T (24nA )

- Found an exact formula for Tcm)

- Used formula far Tcm) to prove the

theorem / conjectures .



Proof of ADH Theorem

we know Scu) =TC24nti )

otql : -- III.q
" """

Yay! CHI) - - City)
•

n

= I sang
neo

Tcm) = # of urequivalent Solus of
(f) uh- GvZ=M with ut3v= It CK)

over those with Ut 30=-15 ( 121

How do we go about finding an exact
formula far Tcm) ?

Extend wt system from solus tock) to all

of a = Ut TGV C- 21156]

e.*=/
" if the:%eY¥It3IE¥ ,'
- I if either ✓even

,
ut3v= #5oz)

or U odd
,
2u -i 30 It 5 CR)



Drool ol ADH Theorem
ADH developed f { its relationship withT
until they obtained an exact formula for That
For example .

- R is a C-ZERG]
,
N Cal relatively prime to 6

Tris multiplicative .

If a.BE R

then Lcapkfcalfcpl
- If a.a

'

are associates , then feel = for
' )

- If MEI (241 TcmI = I feel
NCxI=m

where the scones as nonassociate a 's

with norm NHI '-M

- If MEI Ca)
,
m# I 1241 their Tcm ) IO

- Tes multiplicative . If men relatively
prime and MINE I 16 ) then

Tcmnl# cm)TCn)



Drool ol ADH Theorem
A-DH developed f { its relationship withT
in order to obtain an exact formulafarTcm)

IEP) = ecallcpl a.per skate]
Proof involves considering cases
a = at Rav

, p -

-

re Res

• p= xercey , x'
- art VS

, y
= useVr

u
,
r odd

three cases far parity ol v,
s

case 1 : both vis even

gives y even

so in def ' n ol f we only need to consider

xx37 mod 12

( xt3y ) = Cut 3v ) ( rt 's)
- 305

I (ut 3v) ( rt 3 s) Mod 72

Consider cases u -134 r -135 Mod 22 ✓



Proof of ADH Theorem

An exact formula for Tcm)

Theorem ( ADH) Let me I be an integer
with MEI Cmod 6) . Suppose
m=p ?' pak - - - per .

Then

Tcm) --Tcp f)TIRE ) . - o Tcprer )
where

0 if p ¥1 (mod 24) , e odd

( if p 3,19 (Mod 24 )
,
@ even

"Pe' This ⇒⇒ cnn.ua , ,e even

ett if p=l (mod 24) TCPKZ

c-Defeat if PEI (modal ) Tpf-2
In particular, Tcm)

-
- o iff there is some E

for which pi #I Cz-l) and ein > odd



Examples
Scu) - Tanner )

641- E. osculq
"

= leg -q42q3e - -
-1--5121=1-124.2+1 )

= T Cua)
- T ( 77 pet all ,e=2

even

ECL
= C - Y e - Z

= - l
.



Drool ol ADH Theorem
N

n

Thin (ADH) Let 64,1=2 scaly
F-o

Scu) is almost always zero ,
that isthe

set ol n for which Senko has density zero
on the other hand

,
Seul takes on

every integer value infinitely often .

- o
-

Drool ol first part
Given X20

.

Let Px = E p prime / PIX , PI -7
(mod 241}

I sent # O and p C-Px their

exponent of pin 24htt is even
pet 1241 ⇒ (Yp ) - - /

For each PER, either pX24utl or p%'Intl



Drool ol ADH part one
The density of such primes is

Fen
,

" - ft pts )
- -

p Xun-4 p2 laurel
< ftp..lt - Ir)

, ptzztp
< ftp.e-kr-e.rtyfn.F )
ht ¥7#modzy , diverges by strong

Dirichlet Theorem

So as x-soo we see the

density of the set n ,
Scw) # O is zero



Drool ol ADH Theorem
•

n

Thin (ADH) Let 64,1=2 scaly
F-o

Scu) is almost always zero ,
that isthe

set ol n for which Senko has density zero
on the other hand

,
Seul takes on

every integer value infinitely often .

- o
-

Proof of second part
Gwen an integer K

(C K-- o done by first part .

Suppose k¥0

Recall 5131 = 2

So 2=513) = TC24-3+1 )=TC73)



Proof of ADH part I

suppose K > 0 , p 23 or 19 mad 24

s(73 1/-5173
"-'

p

' )

= TC73kt ) Tcp' ) T molt .

= (K-i ee ) - I

= IL

T (p
' ) =L because pet> a 19 (mad 24

Tots
"") = k because p I

(241

Mf
many prune, ol farm p 13 anodal

means we can
hit k auf manytimes.



other q
-series similar too Cgd

Andrews j Carson , Favaro ,Leisinger

Z-ubawy-E.oaumi-E.gr"-" 'nata?!
- j

o -2 y
1- = -n

- Acn) count > inequivalent sold
to Ent ) =x2-272

- Sh ) is almost always equal to
Zero

- Dcu ) is equal to any given
positive integer int . after

d
.

? 1-4-2,27 Kaplansky's ?
G 2,3 , 6



Summary
Two Problems

- Kaplansky 's Theorem on the simultaneous

representations ol primes by binary
quadratic farm>

- A q
-series fromRamanujan's lost

Notebook } two Cayedrives at Andrews
Underlying themes } questions
- Threeheld identities
- Relating the Fourier coefficients
ol
a q

-series to quadratic forms
- Two

- types of Hecke - type double -soon)

¥
. I

hits;;
aEkbraces,



Next time

- intro

modular forms

mock modular forms

quantum modular forms




