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Lecture 2 :

Appell- Lerch functions
,

Hecke - type double - sums ,

and a heuristic .

with applications to the

identities for the Loth order

mock theta functions

found in Ramanujan's Lost
Notebook



Lecture Plan

- motivation

-mock Theta functions have

many forms

- understanding the Functions
often involves changing from
on form to another Cad hoc)

- find a master formula

take Hecke - type double -sums
to Appell - Lerch functions



Lecture Plan

- Recall theta functions {Appell-Lerch Lns
.

- state { prove a few basic
properties

- heuristic & new mcxiqitl
properties

- Hecke - type double - sums
- state { prove a few basic
properties

- heuristic { expanding
Hecke - type double - sums

in terms of mcx
, q ,2- I for .



Lecture Plan

- Application
use new mcxcqczl properties
{ Hecke - type double - sum

expansions to give new

proofs of Ramanujan 's
identities For the Loth order

mock theta functions

* the four loth order mock Theta

functions and their six

identities were all found in

Ramanujan's Lost Notebook ,



Motivation - many
forms of mock thetas

i) q - hypergeometric

t.com . -524%
,#inNEO

4
= It I t 9- t - -

leg axqlcltq)

2) Hecke - type double -sum

tianya.it
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"



Motivation - many forms of mock thetas
3) Appell- Lerch functions

soon.- me,
"

. go.gilemcg.iq : g.
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egimcg.iq?gil-yimcgiig:giY
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4) Fourier Coefficients of

meromorphic Jacobi forms
( skip)



Motivation - changing Forms

c) For the 5th { 7th order mock
theta functions

,
Andrews

used Bailey's Lemma
to go from q

- hypergeometric
to Hecke - type double -sum)

2) Andrews expressed the 5th {7th
order mock theta functions

as Fourier coefficients of
meromorphic Jacobi forms



Motivation - changing forms
3) Watson used a g 0/7
basic hypergeometric formula
to convert from q-hypergeometric
to mcx ,gal
but this method only works for
third orders

.

- Recall some notation

- state 847



Motivation - changing forms

(x In = Cx ; gin: = III ( l-gin)
( X y Xz , - - e

,
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x
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Motivation - changing forms @ off
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Motivation - changing forms
⇒
Hickerson used the constant

term method to convert

from Hecke -type double - sum

to M Cx ,q ,
Z) form . This

was key to his proof of
the mock Theta conjecture ,



Motivation - changing Forms
Recall

iczig.i-n.EE-ring
"'

z' jcqjqljfzjqljlzjg)
Bczjq too =-je zig )
Expanded B two ways

1st
way

: coefficient of z
'

es

fo Cgl in Hecke -type double -sum
form

2nd
way
: coefficient of Z' is

fo Cgl in mix,q ,z) form
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goal
- find new mcxcq ,

zl properties
- expand Hecke - type double - sums
in terms of McKoy ,

Z)

functions

Application
Give new proofs of the six
identities for the four loth order

mock Theta functions
,
all of

which having been found in
Ramanujan's Lost Notebook



Application Preview
The four tenth order mock thetas .

N Cn I
4cal :-[ 9¥;m ,

44k¥49"
n=o (gigha
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One of the six identities
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reads
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Application Preview

of
-

hypergeometric
LHS

Bailey's Lemma
✓

Hecke - type double - sum

/ Hecke - type.ae?zfformdaMCxeqYzlform

/ new mcxiqit)

✓
properties

theta functions RHS



cxhr-cxigln-YI.io a-qix)
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theta function

jcziqle-IIE.it
'

g
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Partial theta function

⇐ antiq
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False Theta function

n
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Basic prop . of thetas

a) j Cx ; q )
- jcglxjq)

b) jcgnxigt-aiq-mx-njcxs.gl
c) jcxjq) - o⇐ x=q

"

,
a C- 21

a {c follow from triple product

identity
e.g .
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( x;g)•= IT Ctxg
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def Appell - Lerch Fn .

If x
, ay , and 2- are nonzero

complex numbers with IqKl
and neither z nor XZ equal
to an integral power of q then

Mex
,get:L

-

c-aYqlHz"
jczigln •I

1-g xz
.



Proposition
1) mcxiq.zl-MCX.gg ,GZ )

2) mcxiq ,
Z ) = x

-'meat,q,E
' )

3) mlqx , q , 2-1=1- Xm (x,q ,
z )

Cor Ca) mtg , q?-4=112
Cb) m C -1,42 , g) = 0

The mcxcg , Zo ) - MCX ,q , Zo)

=zoJPjcz.IzojgljcxzoZ.gl#gGjg7jxZogjxzjgI
Cor mlx.az/=mCX,q,x-

'
E
' )
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E
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n=-- I -4 I cont)



want to show m Ggg ,ZHE'mGE
'

,q ,t
)

"""" II.E' not"I÷¥
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II.aigl"k
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n - '
Xt

Re
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II.aig"
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multiply by 955't"/qn×tz- I

T.is#Ei-igMg.noiEi1-qnx-'E'

subs non-I

E. as;"
I -g
"- '
x' 'E'

= mix
- '

iq ,
E
' )

so mcxiq.H-x-tmlx-lq.IT



mcqx ,q it 1=1
- Xm ( 44177 una) n•

c-Dng z
-mcoxxixitkjzsty E- - oo tqxztrick

7¥,,Eating
"# h-gnxzegnxz )
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y
'⇒ In"
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a
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"In

¥g, E -
n= -- I -q

""
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Prop D m Cxcqittmlxcgiyz)
2) mlxcqzkx-tmlx-tq.EE

')
3) mlqx , qczl -- I-Xmlxiyitl

Cor a) mlq ,q2 , -11=112

proof
b) m ' -1192 , g) - O

a'
mi q.gii-lkmlgg.iq ,

- t )

bi - I- g-
'

mlqteg ,-e )
(2) = I - m ( gig ,

-1 )

Miyagi -D= I-m Gay? -i )

Zmcqcg?-17=1

mcqcq? -D=
' k



Proof as)

me - I
, g7qI= -m fig ,g-

' l E)
= -m C - I

, g
'

, q1 a)

compare far left with far right
to have

me - liq , g) = - ml - 1. gig)
so MC-49,741=0



Fox)

a Mex, 9A ,) T M CX , of ,Zo)

- Zo OP j (Zilzojqljlxzoz , ; g)
-

jlzoiq) jfzijgljkzojqljlxzy.gl
Let go , Zo ,

-2 , be fixed
we wish to show Fcx) as identically
Zero

claim Fcqx) = -XF Cx)
-

mlqx ,gal =L- Xm ( Hg, it )

jlqxjgl = -x
- '

jfxjq)

claim : Fox) is analytic for all# O

- at most simple poles at
x=qZJ' and x=g" ziti ex

-
residuesat poles sum to Zero



where do simple poles come from?

Ten"g
"'L'a

mcxiq ,Zeki L -1
o
'

Ehsql ie-N t-
q
"-bee

poles happen when xz=q^ ,
n TX

ar equwantly x=q"IT n c- 21

Sundarly poles happen in McKay , Zo)
when

x=q
"

to
'

nek

poles occur . in denominator of theta

quotient he . when
jcxzojgl or jcxzcjql -O
but both are equiv to

x=q^zJ
'
neZ or x=q^zi

'
acte



at the possible poles
the residues always sum to
zero

so FCX) is analytic far all XFO
Fox) can be cereHen as a Laurent

series in x valid for all x# O
M

F-Cx) = -2 Cmx
MEN

Fcqx) = -XFCX I
m

Ecm Cqx)M= - x Eaux
M C-2C MEI

- (Itm)
⇒ Cmt , = - q cm

⇒ cm =Hmq-
th')

co



m
- CME ' l m

so Fcxk Co E G) q x

MEN

if we assume Coto the

ratio test tells us Fcx)

diverges for all x# O which
is a contradiction ! So CEO .

and text is identically zero .

⇒ '' t a:i÷÷1
iii.1¥. I → a



The heuristic

m C qx ,q ,
z ) = l- Xm (x ,g, it)

m C x , q it 7=1
- g-

' xml g-
'
x
,g, it I

iterate

mix ,g , z k l - g-
'

am Ig-
'

X
,qcz I

= I-g-
'
x + g-3×2 m ( g-

2

x. ox . 2- I

= I -g-
'

x - g-35 - g-
'x' m C - I

~ ' - g-
' xxqisxnq + g-

'hit -

m ix. girl c-itrang
- M¥1
*



of course we cannot use an

equal sign here because the

infinite series on the right
diverge, far lqkl .
However

,
it is useful to think

of mix ,ga't) as a partial
or half theta function with

q replaced by g-
'



let us break (*) into two parts

dependingon parity of r

mix
.art e-sing

' ' ↳ n *

⇒ i'
⇒ 'x' g-
"" tire.

nz.7.ig-YMtqxyn.gixE.aig.tl#kgix5~mtqx3gYzol-gi'
xmtgxgite)



mcxcqitt-mc-gxq.IE )
- g-

'xmc-gixgi.it
3

+ Z
' I

txt;.gg/t*#i9bkYeigYjCz'igYjlz.g)-xzic-qx2zzfg4iCq'Etz' sci' ) )-j tiiqtslqtiy )
later wewill use

Dz Coc ,q ,
7 it

' )

E- mix
,q,z)

-ml -god ,q4 ,z' )
+ g-
'
am l- g-

'
x
,I
'

it
' )



so
- cry)

The heuristic mac
,gainZfnrxrq
Fo

This suggest several other functional

equations that mac ,girl might
satisfy .

Most of these eggs are
not true

but become true when an

appropriate Theta function is added

Roughly speaking we may think

ol ' n' as ' mod theta
'



If we break the sum into n parts

depending on the value of r mod n

we find

m Go
,g. itl

n- I r
- ( F ' )

r
re -2 c-n g x

r-o.mq.int;
"' -man

,q
? zr )

so we expect the difference between
the two sides to be a theta Ln

which doesturn out tobe the case .



mix
,git)

: it ⇒
r

omfg
"'-maxing,
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,
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-
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jxoiz,;)]



Hecke-type double -sums

I sgcrl Cris sgcrpef
' ' Into

Sg Cr)⇒yes,
-1 if re 0

other was to write this

¥
.
.

- E.)as
Properties
1) Esser) Cris = -Z sglrlc-i-r ,- I-s
sgcr) ⇒gls ) sgcr) - sgcs)



z) if RS are integers
I sgcr )Cris
sgcrtsgcs )
= -2 sgcrl Crt Rises

sgcrt-sgcs7.E.is?.a.s.EiE.a.s
Sum convention f-a blog
b- a-l

L Cr - - Z Cr
F-a F-be ,

a-0,6=1
- l - I

2- Cr = - Ecr =o
r=o r=o



Cris - an
"sxnysqakltbrs.ec CE )
-

I sgcr) Cris becomes

sgcrtsgls)

fails ,
c (Xing)

" fs? Jai"x;
s

.

alzrltbrseccs )
•

g,
Albie 70 converges ab>

All of Ramanujan's classical mock
theta functions can be written

an terms of fais.ccxcy.gl 's .



D faire Cx ,y , g )

= -

a
"

ta
.
.. Gianni::$

2) Lais , a Gc ,y ,g)
⇒ c-net kxeykqaltltblktc CE )

• La
,b. c ( qaltbkx , qbltcky , g )

iii.arising. ' signing )

ii.mining,"" signs, gal



how do we use heuristic to

understand Laine ?? ?

"x.gain
.

c-ring
- In
#

If we iterate a functional equation
for some function f and we
see divergent partial theta series

like the r.has of # I then we
may be able to write fcx)

in terms of the mix
,q, z) function .

In our functional ecyn far fails ,C
we let l

,
k → as

we simplify our example
by letting a=L , 15-2 ,C- l .



Liu Gay ,g) ←

II. Ginseng,
" 's- Gq" .gl

+E.oc-nsysgmiixgsigljcgixig.7-c-nnq-%bc-njcxs.gl
or

we unwind jlyqriq by using

elliptic transformation property

jcqxiql - th
"

g-
" '
x'
"

jcxjq)



E.
o

c-um sing
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i 4,4%7

iii.E.airing,
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'⇒
y
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i Hid E.am coff Yg
-M¥1

This gym ( girly , q
'

, * )



Fri Hey ,g )

= , lyiglmlgxhp , g? - l )
+ jcxjylmlgiylx , 43 , -1 )

- Y ;,÷§ ,
53 jtxlyigljlgxyiy)
-

ie-gifting) jtgxlyig)



Examples
f.
rn (91914)

=j lqiqlmcqcq? - il

tjcqiqlmlg.iq?-il-iJi2jlqjq7=0
so f. rncq.gg/--Jfoo=TIh-gj5

F- I



Examples >
6th order

✓ mock Theta fu

F.m dlql = Lie , i Cq ,
-

gig
)

1
Barley Pair Technology

Tarn

cqiq.ge/--jtqq7mlq.q7-l-cjlqiqlmC-q,q7
- it to

= jc-qiqlmcq.gs , - t)

or ¢cql⇒m Cqcq?-i)



Mot TeTpa #

identities for the
four Loth order mock

theta Functions

sketch of proofs



Choi proved all six id 's for Ramanujan 's
wth order mock theta functions

on". in:÷* . "i:÷E÷÷n.
x⇒÷÷⇒÷*x*÷÷÷÷.
Two of the six ads read

*i -Eet#¥797,#Cai ; -oil
=

tight gate-gilt Icq
'd )

-

itqiqlitgi' ; - g
" )
-

-

jcq.gg)



Notation

Jam : -- j C- ga ; gm )

Jam & = jcqa.gg )

Tm =Tm
,
3M = j (gm ; qsm )

Fa
,
b cc Gc ,y ,

Z)

"E.ir?s..t:;Ii:YeEs+eces
note weight system depends
on which region we sum over to



Using Bailey 's Lemma Choi showed
T.ro/Cq1--FziszCq9q4q)
Juicy) = - g- fuzz (q

" ,q4q)
Fm Icq) - his,ztq , -43cg

')
F. it 12-Xlgd) -- qfzp.ztgt-g.IQ )
we then use a formula to convert
from tazz (097,97
to mcoqq.tl

'
s
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this ,z (X ,Yigal
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- E
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.az#.qt2c3,2CXc7cq/--jCociq4mlqy4x3igY
,

- e)

- yjcqxiglmloxylx , g
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Ftw. I .Eigilqx



Take ¥
,3,2

Gc
,y ,gal→mcxiy ,z)

our= -I'm ix.gird - g-
'

megagig)
44k -mtg , q

"

, q) -mcg
'

, go , g?)
Icgd -- one-gigs.g) em l-gigs , gi)
X G.I --ml -gig , giltmtg , q: g)
Three - term Weierstrass Relation

j Cac , aK ,
bd

,
b Id J q)

=j Lad , ald ,
be

,
b/c ; q)

+ b/c . j cab ,alb ,
Cd

,
c Id je q)

j Coa ,Kay - -
- PCn je g)

-
-j Ga ;qljcxzs.gl . . . jcxnjq)



as a thin
they tmenace'";z÷*I→F

Meighen:[fig,
a tqxz

mcxaat-mtgxgiitl-gixmtgxg.IE)
+ IT?

⇒¥t¥.gg/itotxktigililyYjz4giYjfziq4-xzjC-gxzEiq)jCyz4z' joy
"

)

i9q)
Dex.ge#lao=mlx,qiH-mC-qx3qYE)

* g-
'

xmtgixgi.tl



Dz CX ,go.GE ) is a sum of quotients
of theta Functions

Ylqltgoc- g.4) +I g.8)
'HS

= expression Fzizzcx ,y.gl 'S
= expression in MCX ,Git) 's

= -243449,457 - Regis ,gigi' .ge )
=
-J2} Fu ,zoJzo ,40

*g.
If FIE

,
2052440
--

Jiao58,400=8,256,20 Jt
, 1058,4 4,20J 6,20

= jc-qiqljtgi-g.nl/jqz;qoo ) RHS

*three -term Weierstrass Thelin



Dsc Xcq ,
Z

,
-2't

ga ml >Cig,ZI
-mcg.3isiq.tt ' )
+ g-
'
samba

, got ,-2' )
- g-
'x'mCg'x3q7z't

=

,

theta Cnn ,x.gaze't
' )

(m- split n- 3)


